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problem. Part 2 
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To Dr. Florentin Smarandache 
for his 50th birthday 


0. In 1999, the second author of this remarks published a book over 30 of Smarandache’s 
problems in area of elementary number theory (see [1, 2]). After this, we worked over new 20 
problems that we collected in our book [28]. These books contain Smarandache’s problems, 
described in [10, 16]. The present paper contains some of the results from [28]. 

In [16] Florentin Smarandache formulated 105 unsolved problems, while in [10] C.Du- 
mitresu and V. Seleacu formulated 140 unsolved problems of his. The second book contains 
almost all the problems from [16], but now each problem has unique number and by this reason 
in [1, 28] and here the authors use the numeration of the problems from [10]. 

In the text below the following notations are used. 

N - the set of all natural numbers (i.e., the set of all positive integers); 

[x] - ’floor function” (or also so called ” bracket function”) - the greatest integer which is not 
greater than the real non-negative number 2; 

¢ - Riemann’s Zeta-function; 

T - Euler’s Gamma-function; 

m - the prime counting function, i.e., 7(n) denotes the number of prime p such that p < n; 

Ja[ - the largest natural number strongly smaller than the real (positive) number 7; 

[x] - the inferior integer part of x, i.e, the smallest integer greater than or equal to a. 

For an arbitrary increasing sequence of natural number C' = {c,,}°2, we denote by mc(n) 
the number of terms of C, which are not greater than n. When n < c, we put to(n) = 0. 


1 e The results in this section are taken from [8]. 
The second problem from [10] (see also 16-th problem from [16]) is the following: 


Smarandache circular sequence: 


1,12, 21, 123, 231, 312, 1234, 2341, 3412, 4123, 
et eee ee eee 
2 2 3 4 
12345, 23451, 34512, 45123, 51234, 
—_—_——————— 
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123456, 234561, 345612, 456123, 561234, 612345, --- 
ay 
6 
Let f(n) be the n-th member of the above sequence. We shall prove the following 


Theorem 1.1. For each natural number n: 


f(n) = s(s+1)...k12...(s—1), 


where 

k= kn) Se hy 
and 

ss Sas meee 


2 e The results in this section are taken from [25]. 
The eight problem from [10] (see also 16-th problem from [16]) is the following: 


Smarandache mobile periodicals (I): 


0 00 00 0 1 0 0 0 0 0 0 
000001110 0 0 0 0 
00001 10110 0 0 0 
000001 110 0 0 0 0 
000 00010 0 0 0 0 0 
000001 110 0 0 0 0 
00001 10110 0 0 0 
0001100 01 1 0 0 0 
0000110110 0 0 0 
000001 110 0 0 0 0 
00000010 0 0 0 0 0 
000001 110 0 0 0 0 
0000110110 0 0 0 
000110001 1 0 0 0 
001 1000 001 1 0 0 
000110001 1 0 0 0 
00001 10110 0 0 0 
000001 110 0 0 0 0 
00000010 0 0 0 0 0 
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.-0 00 00 0 1 0 0 0 0 0 0.. 
0 00 001 1 21 0 0 0 0 Oz. 
0 00 01 1 0 21 10 0 0 Oz. 
0 00 1 10 0 0 1 1 0 0 0.. 
0 01 1°00 0 0 0 1 1 0 0z. 
0 1 1°00 00 0 0 0 1 1 Oz. 
0 0 1 1 00 0 0 0 1 1 0 0.2. 


This sequence has the form 


1,111,11011,111,1,1,111, 11011, 1100011, 11011, 111, 1, 
3 7 
1,111, 11011, 1100011, 110000011, 1100011, 11011,111,1,... 
—————— 
All digits from the above table generate an infinite matrix A. We described the elements 
of A. 
Let us take a Cartesian coordinate system C' with origin in the point containing element 
”1” in the topmost (i.e., the first) row of A. We assume that this row belongs to the ordinate 
axis of C’ (see Fig. 1) and that the points to the right of the origin have positive ordinates. 
The above digits generate an infinite sequence of squares, located in the half-plane (de- 
termined by C) where the abscissa of the points are nonnegative. Their diameters have the 
form 


”110...011”. 


Exactly one of the diameters of each of considered square lies on the abscissa of C. It can 
be seen (and proved, e.g.,by induction) that the s-th square, denoted by G;(s = 0,1,2,...) 
has a diameter with length 2s + 4 and the same square has a highest vertex with coordinates 
(s? + 38,0) in C and a lowest vertex with coordinates (s? + 5s + 4,0) in C. 

Let us denote by a,,; an element of A with coordinates (k,i) in C. 


First, we determine the minimal nonnegative s for which the inequality 
s°+5s+4>k 


holds. We denote it by s(k). Directly it is seen the following 
Lemma 2.1 The number s(k&) admits the explicit representation: 


0, if O<k<4 
[=], fk > 5 and 4k +9is 

s(k) = a square of an integer (2.1) 
[BP] +1, if > 5 and 4k +9 is 


not a square of an integer 
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and the inequality 
(s(k))? + 38(k) < k < (s(k))? + 5s(k) +4 (2.2) 


hold. 
Second, we introduce the integer 6(k) and e(k) by 


5(k) = k — (s(k))? — 38(k), (2.3) 


e(k) = (s(k))? + 58(k) +4—k. (2.4) 


From (2.2) we have 6(k) > 0 and e(k) > 0. Let P,, be the infinite strip orthogonal to the 
abscissa of C’ and lying between the straight lines passing through those vertices of the square 
G(x) lying on the abscissa of C. Then 6(k) and e(k) characterize the location of point with 
coordinate (k,i) in C in strip P,. Namely, the following assertion is true. 

Proposition 2.1. The elements a;,,; of the infinite matrix A are described as follows: 
if k < (s(k))? + 4s8(k) + 2, then 


0, if d(k) < |2| or 6(k) > |i] + 2, 
aki = 
) 1, if le] < ok) <la41 
if k > (s(k))? +4s(k) + 2, then 
0, if e(k) < |2| or e(k) > |i] +2, 
aki = 
1, if fi] <e() <|i] +1 


where here and below s(k) is given by (2.1), 6(&) and e(k) are given by (2.3) and (2.4), respec- 
tively. 
Below, we propose another description of elements of A, which can be proved (e.g., by 


induction) using the same considerations. 


1, if (k,i) € 
{((s(k))? + 38(k), 0), ((s(k))? + 5s(k) + 4, 0)} 
Uf{((s(&))? + 38(&) + 9, -J), 
((s(k))? + 38(k) + j, -j +1), 
((s(k))? + 38(k) + 7,7 — 1), 
ee ((s(k))? + 35(k) + i,j) :1< 9 < s(k) +2} 
. ((s(k))? + 58(k) +4 — Jj, —J), 
((s(k))? + 58(k) +4—39,-j +1), 
((s(k))? + 58(k) +4—3,j 1), 
((s(k))? + 58(k) + 4 — J, 9) 
1<j<s(k)+1} 


0, otherwise 
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Similar representations are possible for the ninth, tenth and eleventh problems. In [28] 
we introduce eight modifications of these problems, giving formulae for their (k, i)-th members 
OK i+ 

Essentially more interesting is Problem 103 from [10]: 

Smarandache numerical carpet: 


has the general form 


1 
lal 
1 aobaiiil 


1 abaiii 
lal 
1 


On the border of level 0, the elements are equal to ”1”; 
they form a rhomb. 

Next, on the border of level 1, the elements are equal to ”a”; 
where “a” is the sum of all elements of the previous border; 
the ”a”s form a rhomb too inside the previous one. 


Next again, on the border of level 2, the elements are equal to ”b”; 
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where ”b” is the sum of all elements of the previous border; 

the ”b”s form a rhomb too inside the previous one. 
And so on... 

The above square, that Smarandache named ”rhomb”, corresponds to the square from our 
construction for the case of s = 6, if we begin to count from s = 1, instead of s = 0. In [10] a 
particular solution of the Problem 103 is given, but there a complete solution is not introduced. 
We will give a solution below firstly for the case of Problem 103 and then for a more general 
case. 

It can be easily seen that the number of the elements of the s-th square side is s + 2 and 
therefore the number of the elements from the contour of this square is just equal to 4s + 4. 

The s-th square can be represented as a set of sub-squares, each one included in the next. 
Let us number them inwards, so that the outmost (boundary) square is the first one. As it is 
written in Problem 103, all of its elements are equal to 1. Hence, the value of the elements of 
the subsequent (second) square will be (using also the notation from problem 103): 


ay =a=(s+2)+(st1)+(s+)+s=4(s+)); 


the value of the elements of the third square will be 


ag = b= a(4(s—1) +441) =4(s4+ 1)(4s4+ 1); 


the value of the elements of the fourth square will be 


ag = c = 0(4(s — 2) +441) = 4(5 + 1)(45 + 1) (48 — 3); 


the value of the elements of the fifth square will be 


ag = d= c(4(s —3) +441) = 4(s4 1)(48 4 1)(48 — 3) (48 — 7); 


etc.,where the square, corresponding to the initial square (rhomb), from Problem 103 has the 


form 
1 
1 ay, ay 1 
1 ay ag dg : : ag ay 1 
1 ay ag a3 . : a3 a2 ay, 1 
1 ay ag : o : ag ay, 1 
1 ay : ° ay 1 
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It can be proved by induction that the elements of this square that stay on t-th place are 


given by the formula 
t-2 


ay = 4(s +1) [ ] (4s +1 - 4i). 
i=0 
If we would like to generalize the above problem, we can construct, e.g., the following 


extension: 
x 
Lr ay ay 2x 
GZ ay a2 a2 ay & 
a a, aQ a3 a3 a2 ay @& 
GZ ay a2 a2 ay & 
a ay ay x 
x 
where x is given number. Then we obtain 
a, = 4(s+1)x 


ag = 4(s + 1)(4s4 1)a 
a3 = 4(s + 1)(4s + 1)(4s — 3)a 


a4 = 4(s + 1)(4s + 1)(48 — 3)(48 — 7)a 


etc. and for t>1 
t-2 


a, = 4(s + 1) [[¢s +1-4i)a. 
i=0 
where it assumed that 


3 e The results in this section are taken from [21]. 
The 15-th Smarandache’s problem from [10] is the following: “Smarandache’s simple num- 
bers”: 


2,3,4,5,6,7,8,9,10,11,13,14,15,17, 19, 21, 22, 23, 25, 26, 27, 
29,31, 33,... 
A number n is called “Smarandache’s simple number” if the product of its proper divisors is 


less than or equal to n. Generally speaking, n has the form n = p, or n = p?, orn = p®, or 


n= pq, where p and q are distinct primes”. 
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Let us denote: by S - the sequence of all Smarandache’s simple numbers and by s,, - the 
n-th term of S; by P - the sequence of all primes and by py, - the n-th term of P; by P? - the 
sequence {p?}°°,; by P? - the sequence {p2}°°,; by PQ - the sequence {p.q}p,q € P, where 
p<q. 

In the present section we find 7g(n) in an explicit form and using this, we find the n-th 
term of S$ in explicit form, too. 

First, we note that instead of mp(n) we use the notation (7). 

Hence 


mpa(n) = (Vn), mps(n) = (Y/R), 


Thus, using the definition of S, we get 
mg(n) = n(n) + mR) + (YR) + tpa(n) (4.1) 


Our first aim is to express 7g(n) in an explicit form. For 7(n) some explicit formulae are 
proposed in [18]. Other explicit formulae for 7(n) are given in [14]. One of them is known as 
Minae’s formula. It is given below 


n 


n(n) = YS (Ey (4.2) 
k=2 


Therefore, the problem of finding of explicit formulae for functions 7(n), (./n), 7(¥/n) is solved 
successfully. It remains only to express 7pg(n) in an explicit form. 
Let k € {1,2,...,(,/n)} be fixed. We consider all numbers of the kind ppg, which p € P, 
q > pr for which pz.q < n. The quality of these numbers is m=) —(pr), or which is the same 
n 


r(— 

oe 

When k = 1,2,...,7(4/n), the number p z.q, as defined above, describe all numbers of the 
kind p.q, with p,q € P, p< q,p.q < n. But the quantity of the last numbers is equal to tpag(n). 


ph. (4.3) 


Hence 
m(/n) ‘a 
TpaQ(n) = 2, ome —k), (4.4) 


because of (4.3). The equality (4.4), after a simple computation yields the formula 


a( Vi) = 
mpo(n)= > (2) - WD (4.5) 
k=1 


In [20] the identity 


m(b) m(3)-7(4) 

n nr n 
So m(—) =a(=).r(0)+ SO a ) (4.6) 
pa, ee b = Dr(2) +k 


is proved, under the condition b > 2 (b is a real number). When a(3) = 7(#), the right hand- 
side of (4.6) is reduced to 1(#).7(b). In the case b = \/n and n > 4 equality (4.6) yields 


nva) mB)—m(VA) 
dS mM) = (vn)? + DS e(——_). (4.7) 


kal. ba1 Pr(J/n)+k 
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If we compare (4.5) with (4.7) we obtain for n > 4 


aia. «a 
Tpa(n) = 5) + as 1s rere (4.8) 


Thus, we have two different explicit representations for tpg(n). These are formulae (4.5 
and (4.8). We note that the right hand side of (4.8) reduces to w/a) nb/n)— 1) | when a($) = 
nV). 

Finally, we observe that (4.1) gives an explicit representation for s(n), since we may use 
formula (4.2) for a(n) (or other explicit formulae for 7(n)) and (4.5), or (4.8) for tpg(n). 


The following assertion solves the problem for finding of the explicit representation of s,,. 


Theorem 4.1. The n-th term s,, of S admits the following three different explicit representa- 
tions: 


Sn = —— (4.9) 


on = 29 ¢(-2[ 2p, (4.10) 


1 
i= >, Fa [=a (4.11) 


where 


We note that (4.9)-(4.11) are representations using, respectively, “floor function”, Rie- 
mann’s Zeta-function and Euler’s Gamma-function. Also, we note that in (4.9)-(4.11) mg(k) is 
given by (4.1), (k) is given by (4.2) (or by others formulae like (4.2)) and mpg(n) is given by 
(4.5), or by (4.8). Therefore, formulae (4.9)-(4.11) are explicit. 


4. The results in this section are taken from [6]. 
The 17-th problem from [10] (see also the 22-nd problem from [16]) is the following: 
Smarandache’s digital products: 


0;.1,.2, 3,4, 5, 6, ie 8,9,0,1, 2, 3,4, 5, 6, ie 8,9, 
SS ee 
0,2,4, 6, 8, 10, 12, 14, 16, 18, 0,3, 6,9, 12, 15, 18, 21, 24, 27, 
>) ee 
0, 4,8, 12, 16, 20, 24, 28, 32, 36, 0,5, 10, 15,20,25... 
—————_ er, 


(d,(n)is the product of digits.) 
Let the fixed natural number n have the form n = @j@2...G@x, where a1,d@2,...,aK € 
{0,1,...,9} and a, > 1. Therefore, 


k 
n= S- a,10*+. 
i=l 


10 
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Hence, k = [log;) n] +1 and 
n 
a(n) =a, = Lfoecal 


n—a,10%—! 
a(n) = ag = [ 10k-2 |, 


n — a, 10%! — az10*—? 
a3(n) = a3 = | 


10%-3 | 
_ n — a,10*-! — ... — ap_210? 
Allogyg(n)](") = ak-1 = [ iF 
10 
Alogyg(n)|+1(7) = ae = 2 — iq lO S55, Soe A, 
Obviously, k, a1, a2, 


., ax are functions only of n. Therefore, 


[logyo(n)]+1 


i=l 


5 e The results in this section are taken from [4, 27]. 
The 20-th problem from [10] is the following (see also Problem 25 from [16]): 
Smarandache devisor products: 


1,2, 3, 8,5, 36, 7, 64, 27, 100, 11, 1728, 13, 196, 225, 1024, 17, 5832, 19, 


8000, 441, 484, 23, 331776, 125, 676, 729, 21952, 29, 810000, 31, 32768, 
1089, 1156, 1225, 10077696, 37, 1444, 1521, 2560000, 41,... 
(Py(n) is the product of all positive divisors of n.) 


The 21-st problem from [10] is the following (see also Problem 26 from [16]): 
Smarandache proper devisor products: 


1,1,1,2,1,6,1,8,3, 10, 1, 144, 1, 14, 15, 64, 1, 324, 1, 400, 21, 22,1, 


13824, 5, 26, 27, 784, 1,27000, 1, 1024, 33, 34, 35, 279936, 1, 38, 39, 


64000, 1,... 
(pa(n) is the product of all positive divisors of n but n.) 


Let us denote by 7(n) the number of all devisors of n. It is well-known (see, e.g., [13]) that 


Pi(n) = V nt 
and of course, we have 


(6.1) 


(6.2) 
But (6.1) is not a good formula for Pi(n), because it depends on function 7 and to express 
T(n) we need the prime number factorization of n. 
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Below, we give other representations of Py(n) and pa(n), which do not use the prime 
number factorization of n. 
Proposition 6.1. For n > 1 representation 


Pa(n) = [J ea (6.3) 


holds. 
Here and further the symbols 


II. and ss 


mean the product and the sum, respectively, of all divisors of n. 
Let 


n n—-1l 


a(n, k) = (7) [>] 


1, if k& isadivisor of n 


0, otherwise 


The following assertion is obtained as a corollary of (6.2) and (6.3). 
Proposition 6.2. For n > 1 representation 


k=1 
holds. 
For n = 1 we have 
pa(1) => 1 


(6.5) 


holds, where here and further we assume that 0! = 1. 
Now (6.2) and (6.5) yield. 
Proposition 6.4. For n > 2 representation 


holds. 
Another type of representation of pa(n) is the following 
Proposition 6.5. For n > 3 representation 


n—2 


Da(n) = [[ eye, 
k=1 
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No. 2 


where 0(n,k) is given by (6.4). 
Further, we need the following 
Theorem 6.1. [22] For n > 2 the identity 


holds. 


Now, we shall deduce some formulae for 


Proposition 6.6. Let f be an arbitrary arithmetic function. then the identity 


[[ a) = II Kerk) 
k=1 


> 
Il 
ma 


holds, where 


Now we need the following 
Lemma 6.1. For n > 1 the identity 


holds. 
Proposition 6.7. For n > 1 the identity 


holds. As a corollary from (6.2) and (6.8), we also obtain 
Proposition 6.8. For n > 2 the identity 


holds. 
From (6.6) and (6.9), we obtain 
Proposition 6.9. For n > 2 the identity 


n-1 


Il palk) = [J (x) Ges] 
k=1 


k=1 


holds. 
As a corollary from (6.10) we obtain, because of (6.2) 


(6.6) 


(6.7) 


(6.8) 


(6.9) 


(6.10) 
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Proposition 6.10. For n > 1 the identity 


I Pi(k) = [[ayl-te (6.10) 


holds. 
Now, we return to (6.7) and suppose that 


f(k) > 0 (k=1,2,...). 


Then after some simple computations we obtain 
Proposition 6.11. For n > 1 representation 


Pi(k) = Il ko(nk) (6.11) 


holds, where 


For n > 2 representation 
pa(k) = [| #7") (6.12) 


holds. 
Note that although f is an arbitrary arithmetic function, the situation with (6.11) and 
(6.12) is like the case f(x) = 1, because 


WE, f(ks) - a (ks) 1, if k is a divisor of n 


f(n) 7 0, otherwise 


Finally, we use (6.7) to obtain some new inequalities, involving Pa(k) and pa(k) for k = 
1,2,...,%. 


Putting 
F(n) = S> f(k) 
k=1 
we rewrite (6.7) as 
[[(e)** = TT] jess F(ks))/(F(m)). (6.13) 
k=1 k=1 


Then we use the well-known Jensen’s inequality 


n n 
y Apr, = Il o*, 
k=l k=1 


that is valid for arbitrary positive numbers xz, a;,(k = 1,2,...,n) such that 


n 
S an = 1, 
ke1 
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for the case: 
Lk = Py(k), 
», — flt) 
F(n) 
Thus we obtain from (6.13) inequality 
n n n [2] . 
S> f(k)-Palk) > ie f(k)). II Be sia Fks))/(E aa £(s)). (6.14) 
k=1 k=1 k=1 
If f(z) = 1, then (6.14) yields the inequality 
1X “ di 
~S > Pa(k) = [[ (Ve) 
k=1 k=1 
If we put in (6.14) 
g(k) 
i. ee 
for k= 1,2,...,n, then we obtain 
2 “Gk = (%] (ks) n — g(s) 
Sok) pa(k) > om 1) TT Wee e/a *S) (6.15) 


because of (6.2). 
Let g(a) = 1. Then (6.15) yields the very interesting inequality 


where H,,, denotes the m-th partial sum of the harmonic series, i.e., 
1 1 1 
An = 7-t+at+...+—. 
os a 


All of the above inequalities become equalities if and only if n = 1. 


6 e The results in this section are taken from [29]. 


The 25-th and the 26-th problems from [10] (see also the 30-th and the 31-st problems 


from [16]) are the following: 


Smarandache’s cube free sieve: 


2,3, 4,5,6,7,9, 10, 11, 12, 13, 14, 15, 17, 18, 19, 20, 21, 22, 23, 25, 26, 


28, 29, 30, 31, 33, 34, 35, 36, 37, 38, 39, 41, 42, 43, 44, 45, 46, 47, 49, 50, 
51, 52, 53, 55, 57, 58, 59, 60, 61, 62, 63, 65, 66, 67, 68, 69, 70, 71, 73, ... 


Definition: from the set of natural numbers (except 0 and 1): 
- take off all multiples of 2° (i.e. 8,16,24,32,40,...) 
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- take off all multiples of 3° 
- take off all multiples of 5° 
...and so on (take off all multiples of all cubic primes). 


Smarandache’s m-power free sieve: 
Definition: from the set of natural numbers (except 0 and 1) take off all multiples of 2™, 
afterwards all multiples of 3™ ... and so on(take off all multiples of all m-power primes, m > 2). 
(One obtains all m-power free numbers. ) 

Here we introduce the solution for both of these problems. 

For every natural number m we denote the increasing sequence al™ | af” | al”), ... of all 


m-power free numbers by ™. Then we have 


Also, for m > 2 we have 


where 


(2)* = {x|(Aa1,...,2% € 2)(a = 21.42... 0%)} 


for each natural number k > 1. 
Let us consider ™ as an infinite sequence for m = 2,3,.... Then 2 is a subsequence of ™. 
Therefore, the inequality 


al” <a? 


holds for n = 1,2,3,.... 
Let p, = 2,p2 = 3,p3 = 5,p4 =7,... be the sequence of all primes. It is obvious that this 


sequence is a subsequence of 2. Hence the inequality 
a®) <Pn 
holds for n = 1,2,3,.... But it is well-known that 


n? + 3n+ ) 
4 
(see [12]). Therefore, for any m > 2 and n = 1,2,3,... we have 


Pn < An) =[ 


al™ <a) < A(n). 


Hence, there exits A(n) such that A(n) < O(n) and inequality: 


holds. In particular, it is possible to use 6(n) instead of A(n). 
In [28] we find the following explicit formulae for a” when m > 2 is fixed: 


A(n) 


a = S| —_,; (7.1) 


pg 
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A(n) 
af”) = 2 > ¢(-2 =D) (7.2) 
k=0 
A(n) 


1 
(m) _ be 
an => a . 
fap FO [2 ) 


n 


(7.3) 


Thus, the 26-th Smarandache’s problem is solved and for m = 3 the 25-th Smarandache’s 
problem is solved, too. 

The following problems are interesting. 
Problem 7.1. Does there exist a constant C > 1, such that A(n) < C.n? 
Problem 7.2. Is C < 2? 

Below we give the main explicit representation of function mm(n), that takes part in for- 
mulae (7.1) - (7.3). In this way we find the main explicit representation for al” | that is based 
on formulae (7.1) - (7.3), too. 


Theorem 7.1. Function 77;(n) allows representation 


tm(n) =n—-1+ S- (1 | 
s€2(}{2,3,...,[ W/n]} 


where w(s) denotes the number of all different prime divisors of s. 


7. The results in this section are taken from [24]. 
The 28-th problem from [10] (see also the 94-th problem from [16]) is the following: 
Smarandache odd sieve: 


7, 13, 19, 23, 25, 31, 33, 37, 43, 47, 49, 53, 55, 61, 63, 67, 73, 75, 83, 


85,91, 93,97,.. 


(All odd numbers that are not equal to the difference of two primes). 
A sieve is to get this sequence: 
- subtract 2 from all prime numbers and obtain a temporary sequence; 


- choose all odd numbers that do not belong to the temporary one. 


We find an explicit form of the n-th term of the above sequence, that will be denoted by 
C = {C,}22, below. 

Firstly, we shall note that the above definition of C can be interpreted to the following 
equivalent form as follows, having in mind that every odd number is a difference of two prime 
numbers if and only if it is a difference of a prime number and 2: 

Smarandache’s odd sieve contains exactly these odd numbers that cannot be represented as 
a difference of a prime and 2. 

We rewrite the last definition to the following equivalent form, too: 

Smarandache’s odd sieve contains exactly these odd numbers that are represented as a 
difference of a composite odd number and 2. 

We find an explicit form of the n-th term of the above sequence, using the third definition 
of it. Initially, we use the following two assertions. 
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Lemma 8.1. For every natural number n > 1, C41 is exactly one of the numbers: u = 
Crh+2,uv=C,+4o0rw=C, +6. 
Corollary 8.1. For every natural number n > 1: 


Ch+1 < Cy “ts 6. 
Corollary 8.2. For every natural number n > 1: 
Cy, <6n+1. (8.1) 


Now, we return to the Smarandache’s problem. 
In [18] the following three universal explicit formulae are introduced, using numbers 1¢(k) (k = 
0,1,2,...), that can be used to represent numbers C,: 


For the present case, having in mind (8.1), we substitute symbol oo with 6n + 1 in sum 
reo for Cn and we obtain the following sums: 


6n+1 1 
Cn 2 ey! oe 
6n+1 
Cn = -2 > (2B), (8.3) 
k=0 
6n+1 1 
C, = ——____—_.. 8.4 
oe Ta =p 64) 


We must explain why mc(n) (n = 1,2,3,...) is represented in an explicit form. It can be 
directly seen that the number of the odd numbers, that are not bigger than n, is exactly equal 
to 

n 
a(n) =n— [5], (8.5) 
because the number of the even numbers that are not greater than n is exactly equal to [4]. 

Let us denote by G(n) the number of all odd numbers not bigger than n, that can be 
represented as a difference of two primes. According to the second form of the above given 
definition, 3(n) coincides with the number of all odd numbers m such that m < n and m has 
the form m = p — 2, where p is an odd prime number. Therefore, we must study all odd prime 
numbers, because of the inequality m < n. The number of these prime numbers is exactly 
m(n +2) —1. therefore, 


B(n) = r(n+ 2) -1. (8.6) 
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Omitting from the number of all odd numbers that are not greater than n the quantity of 
those numbers that are a difference of two primes, we find exactly the quantity of these odd 
numbers that are not greater than n and that are not a difference of two prime numbers, i.e., 


to(n). Therefore, the equality 
To(n) = a(n) — B(n) 


holds and from (8.5) and (8.6) we obtain: 


But (n+ 2) can be represented in an explicit form, e.g., by Mindé’s formula and therefore, 


we obtain that the explicit form of tc¢(V) is 


N, Wi(k-v!l41 (k-D)! 


2 | k k; 
k=2 


mo(N) =N+1-[ NE (8.7) 


where N > 1 is a fixed natural number. 
It is possible to put [“#*] instead of N + 1 — [4] into (8.7). 
Now, using each of the formulae (8.2) - (8.4), we obtain C;, in an explicit form, using (8.7). 
It can be checked directly that 


C1 = 7, Co = 13, Cs = 19, Ca = 23, Cs = 25, Co = 31, 


and 


™(0) = to(1) = To(2) = To(3) = me(4) = 7c(5) = te (6) = 0. 


Therefore from (8.2) - (8.4) we have the following explicit formulae for C;, 


6n+4+1 


=7+ >> [(——_| 
k=7 


where 7c¢(k) is given by (8.7). 


8 e The results in this section are taken from [7, 26]. 
The 46-th Smarandache’s problem from [10] is the following: 


Smarandache’s prime additive complements; 
1,0, 0,1,0,1,0,3,2,1,0,1,0,3,2,1,0,1,0,3,2,1,0,1,0,5, 4,3, 2,1, 


0,1,0,5,4, 3, 2,1,0,3,2,1,0,5,4,3,2,1,0... 
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(For each n to find the smallest k such that n +k is prime.) 


Remarks: Smarandache asked if it is possible to get as large as we want but finite decreasing 
k,k —1,k —2,...,2,1,0 (odd k) sequence included in the previous sequence - i.e., for any 
even integer are there two primes those difference is equal to it? He conjectured the answer is 
negative. 

Obviously, the members of the above sequence are differences between first prime number 
that is greater or equal to the current natural number n and the same n. It is well-known that 
the number of primes smaller than or equal to n is z(n). Therefore, the prime number smaller 
than or equal to n is p(n). Hence, the prime number that is greater than or equal to n is the 
next prime number, i.e., Dz(n)41- Finally, the n-th member of the above sequence will be equal 
to 

Pr(n)+1 — 7; if n is not a prime number 


0, otherwise 


We shall note that in [3] the following new formula p,, for every natural number n is given: 


O(n) 
Pn = S- sg(n— m(i)), 
i=0 
where O(n) = ee and 
0, if <0, 
sg(x) = 
1, ifa>0. 


Let us denote by a, the n-th term of the above sequence. Next, we propose a way for 
obtaining an explicit formula for a, (n = 1,2,3,...). Extending the below results, we give an 
answer to the Smarandache’s question from his own remark in [10]. At the end, we propose 
a generalization of Problem 46 and present a proof of an assertion related to Smarandache’s 
conjecture for Problem 46. 


Proposition 9.1. a, admits the representation 
Qn = Pr(n—-1)4+1 — 1, (9.1) 


where n = 1,2,3,..., 7 is the prime counting function and p, is the k-th term of prime number 
sequence. 
It is clear that (9.1) gives an explicit representation for a, since several explicit formulae 
for 7(k) and pz are known (see, e.g. [14]). 
Let us define 
n(m) = m! + 2. 


Then all numbers 
n(m),n(m) + 1,n(m) +2,...,n(m) +m —2 


are composite. Hence 
An(m) 2m—1. 
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This proves the Smarandache’s conjecture, since m may grow up to infinity. Therefore 
{a,,}°2, is unbounded sequence. 

Now, we shall generalize Problem 46. 

Let 


C= C1, C2,Cg,..-. 


be a strictly increasing sequence of positive integers. 
Definition. Sequence 
b= bi, bo, b3,... 


is called c-additive complement of c if and only if b, is the smallest non-negative integer, such 
that n+ 6, is a term of c. 

The following assertion generalizes Proposition 1. 
Proposition 9.2. b, admits the representation 


bn = Cr.(n—1)41 —n, 


where n = 1,2,3,..., 7-(n) is the counting function of c, ie., t.(n) equals to the quantity of 
Cm, M = 1,2,3,..., such that cy, <n. 
Let 


dn = Cn41 — Cn (n = 1,2,3,...). 


The following assertion is related to the Smarandache’s conjecture from Problem 46. 
Proposition 9.3. If {d,}°2, is unbounded sequence, then {b,,}°2, is unbounded sequence, 
too. 

Open Problem. Formulate necessary conditions for the sequence {b,,}°2, to be unbounded. 


9 e The results in this section are taken from [23]. 
Solving of the Diophantine equation 


227 — 3y? = 5 (10.1) 


Le., 
Qa? — 3y7 —5 =0 


was put as an open Problem 78 by F. Smarandache in [16]. In [28] this problem is solved 
completely. Also, we consider here the Diophantine equation 


I? — 6m? = —5, 
i.e. 
? —~6m?+5=0 


and the Pellian equation 
u? — 6? = 1, 


i.e., 


u? —6v? -1=0. 
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In [28] we introduce a generalization of the Smarandache’s problem 78 from [16]. 
If we consider the Diophantine equation 


2x7 — 3y? = p, (10.2) 


where p # 2 is a prime number, then using [13], Chapter VII, exercise 2 and the same method 
as in the case of (10.1), we obtain the following result. 
Theorem 10.1. (1) The necessary and sufficient condition for solvability of (10.2) is: 


p = 5(mod24) or p = 23(mod24) (10.3) 


(2) if (10.3) is valid, then there exist exactly one solution < 2, y >€ N? of (10.2) such that 
the inequalities 


and 


holds. Every other solution < x,y >€ N? of (10.2) has the form: 
x=l+3m 


y=1+2m, 


where < 1,m >€ N? is a solution of the Diophantine equation 
= 6m? = —p, 


The problem how to solve the Diophantine equation, a special case of which is the above 
one, is considered in Theorem 110 from [13]. 


10. The results in this section are taken from [9]. In [15, 17] F. Smarandache formulates 
the following four problems: 
Problem 1. Let p be an integer > 3. Then: 


p is a prime if and only if 


-1 
(p — 3)! is congruent to * (modp). 


Problem 2. Let p be an integer > 4. Then: 


p is a prime if and only if 


P 1 
(p — 4)! is congruent to (—1)!31*1 (P= |(modp). (11.1) 


Problem 3. Let p be an integer > 5. Then: 


p is a prime if and only if 
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r2—1 


(p — 5)! is congruent to rh+ (modp), (11.2) 


with h = [#] andr =p — 24. 
Problem 4. Let p= (k—1)!h+1 be a positive integer k > 5, h natural number. Then: 


p is a prime if and only if 


(p—k)! is congruent to (—1)'h(modp). (11.3) 


witht =h+[2]+1. 

Everywhere above [2] means the inferior integer part of x, i.e., the smallest integer greater 
than or equal to z. 

In [28] we discussed these four problems. 

Problem 1. Admits the following representation: 
Let p > 3 be an odd number. Then: 


-—1 
p is a prime if and only if (p— 3)! = = (modp). 


Different than Smarandache’s proof of this assertion is given in [28]. 
Problem 2. Is false, because, for example, if p = 7, then (11.1) obtains the form 


6 = (—1)*2(mod7), 


where 
6= (7-4)! 
and : 
(<)8=Cpr | _1, 
Le., 


6 = 2(mod7), 


which is impossible. 
Problem 3. Can be modified, having in mind that from r = p — 24h it follows: 


r? — 1 p? — 48ph + 247h? — 1 
= (p — 24h).h4 
rh+ DA (p — 24h) =i 
2 2 

io, 2_ pil 

ph — 24h sp 7 ph + sp Ph 
ie., (11.2) has the form 
p is a prime if and only if 
peal 
(p — 5)! ts congruent to (modp), 


24 
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Different than the Smarandache’s proof of this assertion is given in [28]. 
Problem 4. Also can be simplified, because 


t=h+[F]+1 
es (ea re 


=h+(K-D!4141=h4+(k-1)!42, 
(-1)' = (-1)", 
because for k > 2: (k —1)!+ 2 is an even number. Therefore, (11.3) obtains the form 
p is a prime if and only if 


(p —k)! is congruent to (—1)"h(modp), 


Let us assume that (11.4) is valid. We use again the congruences 
(p — 1) = —1(modp) 


(p — 2) = —2(modp) 


(p — (k — 1)) = —(k — 1)(modp) 


and obtain the next form of (11.4) 


p is a prime if and only if 


(p — 1)! = (—1)".(—1)*-1.(k — 1)!.A(modp) 


or 


p is a prime if and only if 


(p — 1)! = (-1)°**"7 (p — 1)(modp). 


But the last congruence is not valid, because, e.g., fork =5,h =3,p = 73 =(5-1)!4+ 1! 
holds 


72! = (—1)°.72(mod73), ? 


72! = 1(mod73), 


In [28] there is a misprint: 3! instead of 3. 
?In [28] there is a misprint: (—1)® instead of (—1)’. 
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while from Wilson’s Theorem follows that 


72! = —1(mod73). 


1 1 e The results in this section are taken from [5]. 
In [17] F. Smarandache discussed the following particular cases of the well-known charac- 
teristic functions (see, e.g., [11, 30]). 
12.1) Prime function: P: N — {0,1}, with 
0, if nis a prime 


P(n) = 
1, otherwise 


More generally: P; : N* — {0,1}, where k > 2 is an integer, and 


0, if n1,n2,...,% are all prime numbers 
Py(m1,n2,.-.,2k) = 
1, otherwise 


12.2) Coprime function is defined similarly: C, : N* — {0,1}, where k > 2 is an integer, 


and 
0, if n1,n2,...,N% are coprime numbers 
Cy (m1, N2,..-,Nk) = 
1, otherwise 
In [28] we formulate and prove four assertions related to these functions. 
Proposition 12.1. For each k,n,,n2,...,n,% natural numbers: 
k 
Py(m1,m2,...,mk) =1—] [1 — P(r). 
i=1 
Proposition 12.2. For each k,n,,n2,...,n% natural numbers: 
k ok 
Cy(mi,n2,-..,me) =1-]] [I G@-C2(ni,n;)). 
i=1 j=i4+1 


Proposition 12.3. For each natural number n: 


Cr(n)+P(n) (p1, Pa, +++5DPr(n)+P(n)—-1> n) = P(n). 
Proposition 12.4. For each natural number n: 


m(n)+P(n)—-1 


Pin)=1-— [J (1—Cr(pi, n)). 


i=1 
Corollary 12.1. For each natural number k,n ,,2,..., x: 


k m(nj)+P(n;)-1 


P,(n1,M2,...,n%) =1-]] II (1 — Co(p;, ni). 


i=l 
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Abstract 

In this paper, we study the concept of Smarandache groupoids, subgroupoids, ideal of groupoids, 
semi-normal subgroupoids, Smarandache-Bol groupoids and Strong Bol groupoids and obtain many 
interesting results about them. 
Keywords Smarandache groupoid; Smarandache subgroupoid; Smarandache ideal of a Smarandache 
groupoid; Smarandache semi-normal groupoid; Smarandache normal groupoid; Smarandache semi con- 


jugate subgroupoid; Smarandache Bol groupoid; Smarandache Moufang groupoid. 


Definition [1]: A groupoid (G, *) is a non-empty set, closed with respect to an operation 
* (in general * need not to be associative). 

Definition 1: A Smarandache groupoid G is a groupoid which has a proper subset 
S CG which is a semigroup under the operation of G. 

Example 1: Let (G,*) be a groupoid on modulo 6 integers. G = {0,1,2,3,4,5} is given by 
the following table: 


*1/O0})/1)2),3)4)5 
0/0/;3/0/3/0)]3 
1T;/1l;4]1)/4)]1)4 
2/2/5/2/5/2)/5 
3/3/0/3/0/3]0 
4)}/4/;1])4);1/4)1 
5/5/2/5/2/5)]2 


Clearly S; = {0,3},52 = {1,4} and Ss; = {2,5} are semigroups of G. So (G,*) isa 
Smarandache groupoid. 

Example 2: Let G = {0,1,2,3,4,5,6,7,8,9} be the set of integers modulo 10. Define an 
operation * on G by choosing a pair (1,5) such that a*b=1a+5b(mod_ 10) for all a,b € G. 

The groupoid is given by the following table. 
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* 


olalrjoalja}lpRl/wl]rmlRejo 
olalrijalja}l/pRl[wlrmftlRej|lolo 
Klwlwmwlelolololrufaflal}le 
ola}lrijoalja}lpRlwlrmflRej|lol|]rw 
Blwlwlelolololnulalalw 
ola}lrnijaloa};lBpl[wlmftRelo|]sA 
Klwlwmleloloflolruflalala 
ola}lrnijaljalpRlwlwmflRelola 
Blwlwleloloflolnflaslalra 
ola}lrijoa}loa};]B]wlrm}lRe|o]|o 
Blwlwlelololoalrnflalalsleo 


Clearly S; = {0,5}, Sz = {1,6}, Ss = {2,7}, S4 = {3, 8} and Ss = {4,9} are semigroupoids 
under the operation «. Thus {G,*,(1,5)} is a Smarandache groupoid. 

Theorem 2. Let 22, = {0,1,2,--- ,2p—1}. Define * on Z., for a,b € Za, by axb = lat+pb( 
mod 2p). {Z2p,*, (1,p)} is a Smarandache groupoid. 

Proof. Under the operation * defined on Z, we see S; = {0,p}, S2 = {l,p4+ 1}, $3 = 
{2,p + 2},---,S, = {p — 1, 2p — 1} are semigroup under the operation *. Hence {Z2p, *, (1, p)} 
is a Smarandache groupoid. 

Example 3: Take Z = {0,1,2,3,4,5}. (2,5) = (m,n). For a,b € Z define ax b = 
ma +nb(mod 6). The groupoid is given by the following table: 


*1/0})1)2),3)4)5 
0/0/5/4/3/2]1 
1);2);1)/0)/5)]4)3 
2/4/3/2/1/0/]5 
3/0/5/4/3/2]1 
4}2;1}0,/5}]4)]3 
5/4/3/2/1/0]5 


Every singleton is an idempotent semigroup of Z¢. 

Theorem 3. Let 22, = {0,1,2,--- ,p—1}. Define * on Zy, by ax b = 2a + (2p — 1)b(mod 
2p) for a,b € Zop. Then {Zop, *, (2, 2p — 1)} is a Smarandache groupoid. 

Proof. Under the operation * defined on Z2, we see that every element of Zgp is idempo- 
tent, therefore every element forms a singleton semigroup. Hence the claim. 


Example 4: Consider Z = {Z¢6, *, (4,5)} given by the following table: 
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*10})/1)2),3)4)5 
0/0/5/4/3/2]1 
1)}4)3)/2)1)0)5 
2/2/1/0/5/4/)]3 
3/0/5/4/3/2]1 
4}4,},3}2,1]0]5 
5/2/1/0/5/4)]3 


{3} is a semigroup. Hence * is a Smarandache groupoid. It is easily verified that Z is a 
Smarandache groupoid as {Z¢, *, (4,5)} has an idempotent semigroup {3} under x. 

Theorem 4. Let Zo, = {0,1,2,--- ,2p —1} be the set of integers modulo 2p. Define * on 
a,b € Zop by a(2p — 2) + b(2p — 1)(mod 2p). Then {Zap, *, (2p — 2, 2p — 1)} is a Smarandache 
groupoid. 

Proof. Z2, = {0,1,2,--- ,2p—1}. Take (2Qp—2,2p—1) = 1 from Z,. For a,b € Z, define 
axb = a(2p—2)+b(2p—1)(mod 2p). Clearly for a = b = p we have (2p—2)p+(2p—1)p = p(mod 
2p). Hence {p} is an idempotent semigroup of Z2p. So { Zap, *, (2p—2, 2p—1)} is a Smarandache 
groupoid. 

Definition 5: Let (G,«) be a Smarandache groupoid. A non-empty subset H of G is said 
to be a Smarandache groupoid if H contains a proper subset K C H such that K is a semigroup 
under the operation *. 

Theorem 6. Not every subgroupoid of a Smarandache groupoid S$ is in general a Smaran- 
dache subgroupoid of S. 

Proof. By an example. 

Let Z = {0,1,2,3,4,5}(mod 6). Take (t,u) = (4,5) = 1. For a,b € Ze define * on Ze by 
a*b=at+ bu(mod 6) given by the following table: 


yl RlLolw}]Blolo 


re) wm] ov] Re] ww] oF] eR 


a}/mlowlmlreilo 
ol] R]lo}l/m] AlN 
o}le}lwloa}le lw lw 
elolwmlAloOlmwi] sz 
wlafeElwlafeE|la 


Clearly {Z, *, (4,5)} is a Smarandache groupoid for it contains {0,3} as a semigroup. But 
this groupoid has the following subgroupoids: A, = {0,2,4} and Ay = {1,3,5}. A, has no 
non-trivial semigroup({0} is a trivial semigroup). But A»: has a non-trivial semigroup, viz.{3}. 
Hence the claim. 

Theorem 7. If a groupoid contains a Smarandache subgroupoid, then the groupoid is a 
Smarandache groupoid. 
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Proof. Let G be a groupoid and H C G be a Smarandache subgroupoid, that is H contains 
a proper subset P C H such that P is a semigroup. So P C G and P is a semigroup. Hence G 
is a Smarandache groupoid. 

Definition 8: 

i) A Smarandache Left Ideal A of the Smarandache Groupoid G satisfies the following 
conditions: 

1. Ais a Smarandache subgroupoid. 2. For allaé G,andae A, «wac A. 

ii) Similarly, one defines a Smarandache Right Ideal. 

iii) If A is both a Smarandache right and left ideals then A is a Smarandache Ideal. We 
take {0} as a trivial Smarandache ideal. 

Example 5: Let {Z, *, (4,5)} be a Smarandache groupoid. A = {1,3,5} is a Smarandache 
subgroupoid and A is Smarandache left ideal and not a Smarandache right ideal. Easy to verify. 

Theorem 9. Let G be a groupoid. An ideal of G in general is not a Smarandache ideal 
of G even if G is a Smarandache groupoid. 

Proof. By an example. Consider the groupoid G = {Z¢, x, (2,4)} given by the following 
table. 


a}lmilwlm]leE|lo 
RlwololaAlmwslolo 
NIloOolAlwl]o;ATeH 
ColA lM lolAlw]yLy 
BlololaAlwlolw 
wololelrwlo];A]?A 
COlAR lM lolA w]e 


Clearly G is a Smarandache groupoid for {0,3} is a semigroup of G. Now, {0,4,2} is an 


ideal of G but is not a Smarandache ideal as {0, 4,2} is not a Smarandache subgroupoid. 

Definition 10: Let G be a Smarandache groupoid and V be a Smarandache subgroupoid 
of G. We say V is a Smarandache semi-normal subgroupoid if: 

1.aV=X foralaeG; 2. Va=Y for alla € G, where either X or Y is a Smarandache 
subgroupoid of G but X and Y are both subgroupoids. 

Example 6: Consider the groupoid G = {Z6, *, (4,5)} given by the table. 


oy eR WwW] welR | oO 

Nol Rl olwsleRl]olo 
re] w] ov] rR |] w] ou] eR 
Clwel]BILOl]wI] AlY 
CrP rR | WwW] oy;yrR |] w]w 
RlLolmlAlolrwl] sz 
Wy] ort rR | wy] ory rR |] o 
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Clearly G is a Smarandache groupoid as {3} is a semigroup. Take A = {1,3,5}. Ais alsoa 
Smarandache subgroupoid. Now aA = A is a Smarandache groupoid. Aa = {0,2,4}. {0,2,4} 
is not a Smarandache subgroupoid of G. Hence A is a Smarandache semi-normal subgroupoid. 


Definition 11: Let A be a Smarandache groupoid and V be a Smarandache subgroupoid. 
V is said to be Smarandache normal  subgroupoid if aV = X and Va = Y where both X 
and Y are Smarandache subgroupoids of G. 


Theorem 12. Every Smarandache normal subgroupoid is a Smarandache semi-normal 


subgroupoid, and not conversely. 


Proof. By the definition 10 and 11, we see every Smarandache normal subgroupoid is 
Smarandache semi-normal subgroupoid. We prove the converse by an example. In example 6 
we see A is a Smarandache semi-normal subgroupoid but not a normal subgroupoid as Aa = 
{0,2,4} is only a subgroupoid and not a Smarandache subgroupoid. 


Example 7: Let G = {Zs, x, (2,6)} be a groupoid given by the following table: 


* 


NIlafoa};pBlwlrmlRejlo 
alrpl]wlola}l]Almlol|lo 
Elo lolalA!wlolalte 
NVLOlAlA]WILOlLaAl]Al]Y 
SClol]BR]wlola!]Alw|w 
alr lwylolalAlrwlo;ssaA 
Elo lLolalAl!lwlolatla 
VLOlAIlA]lWILOlLaAalAla 
SClalealwlolalslAlmIin 


Clearly G is a Smarandache groupoid for {0,4} is a semigroupoid G. A = {0,2,4,6} is 
a Smarandache subgroupoid. Clearly Aa = A for all a € G. So A is a Smarandache normal 
subgroupoid of G. 


Definition 13: Let G be a Smarandache groupoid H and P be subgroupoids of G, we say 
H and P are Smarandache semi-conjugate subgroupoids of G if: 


1. H and P are Smarandache subgroupoids. 
2. H =P or Px, for some xz € G. 
3. P=aH or Hz, for some x € G. 


Example 8: Consider the groupoid G = {Zj2, *,(1,3)} which is given by the following 
table: 
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* 0 1 2 3/4) 5 6 | 7) 8 9 | 10) 11 
0 0 | 3) 6 9/0) 3 6 | 9) 0 3 | 6) 9 
1 1 4 7 | 10) 1 4 7 | 10) 1 4 7 | 10 
2 2 5) 8 | 11] 2 5 8 | 11 | 2 i) 8 | 11 
3 3 | 6) 9 0 | 3) 6 9/0) 3 6/9) 0 
4 4 7 | 10) 1 4 7 | 10) 1 4 7 | 10) 1 
5) 5) 8 | 11] 2 5 8 | 11] 2 5) 8 | 11 | 2 
6 6 | 9) 0 3 | 6) 9 0 | 3) 6 9/0) 3 
7 7 | 10) 1 4 7 | 10) 1 4 7 | 10) 1 4 
8 8 | 11 | 2 5 8 | 11] 2 5 8 | 11] 2 5 
9 9/0) 3 6 | 9) 0 3 | 6) 9 0 | 3) 6 
10} 10; 1 4 7 | 10) 1 4 7 | 10) 1 4 7 
11) 11) 2 5) 8 | 11 | 2 5) 8 | 11] 2 5 8 
Clearly G is a Smarandache groupoid for {0,6} is a semigroup of G. Let A; = {0,3,6, 9} 


and Ag = {2,5,8,11} be two subgroupoids. Clearly A; and Ag are Smarandache subgroups of 
G as {0,6} and {2,8} are semigroups of A; and Ag respectively. 


Now: 


A, = 3{2,5,8,11} =3A 
= {0,3,6,9} 


and similarly: 
Ag = 2{0,3,6,9} = 2A). 


Hence A, and Ag are conjugate Smarandache subgroupoids of G. 

Definition 15: Let G1,G2,G3,---,Gp be n groupoids. We say G = G, x Gg x +--+ x Gy 
is a Smarandache direct product of groupoids if G has a proper subset H of G which 
is a semigroup under the operations of G. It is important to note that each G; need not be a 
Smarandache groupoid for in that case G will be obviously a Smarandache groupoid. Hence we 
take any set of n groupoids and find the direct product. 

Definition 16: Let (G,*) and (G’,o) be any two Smarandache groupoids. A map ¢ 
from (G,*) to (G,o) is said to be a Smarandache groupoid homomorphism if ¢(a* b) = 
g(a) o ¢(b) for all a,b € A. 

We say the Smarandache groupoid homomorphism is an isomorphism if ¢ is an isomor- 
phism. 

Definition 17: Let G be a Smarandache groupoid. We say G is a Smarandache 
commutative groupoid if there is a proper subset A of G which is a commutative semigroup 


under the operation of G. 
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Definition 18: Let G be Smarandache groupoid. We say G is Smarandache inner 
commutative groupoid if every semigroup contained in every Smarandache subgroupoid of G 
is commutative. 

Theorem 19. Every Smarandache inner commutative groupoid G is a Smarandache 
commutative groupoid and not conversely. 

Proof. By the very definition 18 and 19 we see if G is a Smarandache inner commutative 
groupoid then G is Smarandache commutative groupoid. 

To prove the converse we prove it by an example. Let Z. = {0,1} be integers modulo 2. 
Consider set of all 2 x 2 matrices with entries from Z2 = (0,1) denote it by Mo xo. 


0 0 ae 1 0 0 0 
CTP ALGO ALG GP ees 
Mox2 = 
01 1 0 G4 11 
Gc vote ya es he 4 
0 0 1 
o1/] \o 
1 0 1 
11) '\1 


a, a2 


oO FF oO Ff 
- o& -— © 
PF F Oo 
See Ne el 
ee Fe BR 
eS oS 


M2 x2 is made into a groupoid by for A = and B= in Mox2 
a3 a4 bz b4 
by b 
AoB = mu, Oe ) + 
a3 ag bs b4 
= a1b3 + a2b;(mod2) ay,b4 + azb2(mod2) 
a3b3 + a4bi(mod2) agb4 + a4b2(mod2) 
: ; 1 0 1 0 0 0 
Clearly (M2,2,0°) is a Smarandache groupoid for ° = 
0 0 0 0 0 
0 1 0 . : 
So ; ,o > is a semigroup. 
0 0 0 0 
0 0 1 0 0 1 1 1 ; 
Now consider A, = ; ; : ,o > is a Smaran- 
0 0 0 0 0 0 0 0 
dache groupoid but A; is non-commutative Smarandache groupoid for A, contains a non- 
0 0 1 1 1 0 
commutative semigroupoid S. S = ,° p such that 


00/)/ \o oo] \o o 
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1 1 0 O 1 1 1 O 1 . 
= and fs) = . So (Mogx2,°) is a Smaran- 


0 0 0 0 0 0 0 0 0 0 
dache commutative groupoid but not Smarandache inner commutative groupoid. 

Definition 20: A groupoid G is said to be a Moufang groupoid if for every x,y,z in G 
we have (ry)(zxv) = (x(yz))x. 

Definition 21: A Smarandache groupoid (G,*) is said to be Smarandache Moufang 
groupoid if there exists H C G such that H is a Smarandache groupoid satisfying the Moufang 
identity: (xy)(zx) = (x(yz)x) for all x,y,z in H. 

Definition 22: Let S be aSmarandache groupoid. If every Smarandache subgroupoid H of 
S satisfies the Moufang identity for all x, y,zin H then Sisa Smarandache Strong Moufang 
groupoid. 

Theorem 23. Every Smarandache Strong Moufang groupoid is a Smarandache Moufang 
groupoidand not conversely. 

Proof. Every Strong Smarandache Moufang groupoid is a Smarandache Moufang groupoid. 
The proof of the converse can be proved by constructing examples. 

Definition 24: A groupoid G is said to bea Bol groupoid if ((xy)z)y = x((yz))y for all 
t,y,z2€EG. 

Definition 25: Let G be a groupoid. G is said to be Smarandache — Bol groupoid if G 
has a subgroupoid H of G such that H is a Smarandache subgroupoid and satisfies the identity 
((xy)z)y = «((yz))y for all x,y, z in A. 

Definition 26: Let G bea groupoid. We say Gis Smarandache Strong Bol groupoid 
if every Smarandache subgroupoid of G is a Bol groupoid. 

Theorem 27. Every Smarandache Strong Bol groupoid is a Smarandache Bol groupoid 
and the converse is not true. 

Proof. Obvious. 

Theorem 28. Let Z,, = {0,1,2,---,n—1} be the set of integers modulo n. Let G = 
{Z,, *, (t, u)} be a Smarandache groupoid. G is a Smarandache Bol groupoid if t? = t(mod__n) 
and u2 = u(mod_ n). 

Proof. Easy to verify. 

Example 9: Let G = {Z6, *, (2,3)} defined by the following table: 


oy Re wl] welrRsi o 

Balm ole ilwlolo 
re] orf] wl] rR | ov} w]e 
Blwololelwl]ol}]w 
Re} ovr] w]e |] ov] wl] w 
RBlrwo fl ol; elwl]o]esa 
Re} ovr] w]e |] ov] wi] o 


{0,3} is a Smarandache subgroupoid and since 2? = 2(mod_ 6) and 3? = 3(mod_ 6) we see G 
is a Smarandache Bol groupoid. 


Vol. 1 Smarandache groupoids 35 


Problem 2: Let {0,1,2,---,n—1} be the ring of integers modulo n. G = {Z,,, *, (t, u)} 
be a groupoid. Find conditions on n,t and u so that G: 
1. is a Smarandache groupoid. 
. has Smarandache semi-normal subgroupoids. 
. has Smarandache normal subgroupoids. 
. is Smarandache commutative. 
. is Smarandache inner commutative. 
. is a Smarandache-Bol groupoid. 
. is a Smarandache Strong Bol groupoid. 


. is a Smarandache-Moufang groupoid. 


OC AmOaAN OOK Wb 


. is a Smarandache-Strong-Moufang groupoid. 
10. has always a pair of Smarandache conjugate subgroupoid. 
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Abstract Let p be a prime, n be any fixed positive integer. Sp(n) denotes the smallest positive integer 
such that S,(n)! is divisible by p”. In this paper, we study the mean value properties of S,(n) for p, 
and give a sharp asymptotic formula for it. 


Keywords Primitive numbers; Mean value; Asymptotic formula. 


81. Introduction 


Let p be a prime, n be any fixed positive integer, S,(n) denotes the smallest positive 
integer such that S,(n)! is divisible by p". For example, $3(1) = 3, S3(2) = 6, S3(3) = 9, 
S3(4) = 9, $3(5) = 12, ---. In problem 49 of book [1], Professor F. Smarandache asks us to 
study the properties of the sequence S,(n). About this problem, some asymptotic properties 
of this sequence have been studied by Zhang Wenpeng and Liu Duansen [2], they proved that 


S,(n) = (p—1)n+0O (Swen). 


The problem is interesting because it can help us to calculate the Smarandache function. In 
this paper, we use the elementary methods to study the mean value properties of 5,,(n) for p, 
and give a sharp asymptotic formula for it. That is, we shall prove the following: 


Theorem Let x > 2, for any fixed positive integer n, we have the asymptotic formula 


nx? NAL? nx? 
Sp(n) = + mor +0 (a | , 
dX 2 log x x log” *? log**! x 
where @,,(m = 1,2,--- ,4 —1) are computable constants. 


§2. Some Lemmas 


To complete the proof of the theorem, we need the following: 
Lemma Let p be a prime, n be any fixed positive integer. Then we have the estimate 


(p—1)n < Sp(n) < np. 


'This work is supported by the N.S.F(10271093) and P.N.S.F of P.R.China 
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Proof. Let S,(n) = k = ajp™ + agp +---+asp% with as > as_1 > ++: > a > 0 under the 
base p. Then from the definition of S,(n) we know that p | 5,(n)! and the S,(n) denotes the 
smallest integer satisfy the condition. However, let 
(np)! =1-2-3---p-(p+1)--+2p-(2p4+1)---np = up!. 
where | > n, ptu. 
So combining this and p | S,(n)! we can easily obtain 


Sp(n) < np. (1) 


On the other hand, from the definition of 5,(n) we know that p | 5,(n)! and p”t (S,(n) — 1)!, 
so that a; > 1, note that the factorization of S,(n)! into prime powr is 


kl = II gra), 


qk 


where [|] denotes the product over all prime , and 
ask 


because p | S,(n)!, so we have 


an k 
nN < Ap(k) = D5) = p-1 
or 
(p-1n<k (2) 


combining (1) and (2) we immediately get the estimate 
(p—1)n < Sp(n) < np. 


This completes the proof of the lemma. 


§3. Proof of the theorem 
In this section, we complete the proof of Theorem. Based on the result of lemma 
(p—1)n < S,(n) < np 


we can easily get 


Let 
1, if n is prime; 


0, otherwise, 
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Then from [3] we know that for any positive integer k, 
= xL 
2 an) =7(r) = oa as +0( <r) : 


By Abel’s identity we have 


S p= S- a(m)m 


psa max 


= n(x)2— | ” ar(t)de 


x? m! SSG = ml! n° 
= 14 —_\dt +O 
logx logx » log” =-f look x log”™ i) (a -) 
2 k-1 2 2 
x Cink x 
= + a +O ( : ) 
2 log x »D log6m + la log**? « 
where a,,(m = 1,2,--- ,&4 —1) are computable constants. From above we have 
2 k-1 2 2 
x Ama x 
(p—1) = p—1m(x) = + = _+0(—a-). 
dX » 2log x py log’ m-+1)a log*t! x 
Therefore 
2 k-1 2 2 
x Amt x 
Sp( == + a +O ( ) ; 
2a aes 2 log x 2 log! m+ l1)a log” ** x 
This completes the proof of the theorem. 
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Abstract We use the Maple system to check the investigations of $.S.Gupta regarding the Smaran- 
dache consecutive and the reversed Smarandache sequence of triangular numbers [Smarandache Notions 
Journal,Vol. 14, 2004, pp.366-368]. Furthermore, we extend previous investigations to the mirror and 


symmetric Smarandache sequences of triangular numbers. 


The nth triangular number t,,,n € N, is defined by t, = S>;_, 7 = n(n+1)/2. These 
numbers were first studied by the Pythagoreans. 
The first & terms of the triangular sequence {t,}°2, are easily obtained in Maple: 
> ti=n — >n*(n+1)/2: 
> first :=k — > seq(t(n), n=1,--- ,k): 
For example: 
> first (20); 


1, 3,6, 10, 15, 21, 28, 36, 45, 55, 66, 78, 91, 105, 120, 136, 153, 171, 190, 210 


In this short note we are interested in studying Smarandache sequences of triangular num- 
bers with the help of the Maple system. To define the Smarandache sequences, it is convenient 
to introduce first the concatenation operation. Given two positive integer numbers n and m, 
the concatenation operation conc is defined in Maple by the following function: 

> cone :=(n, m) — > nx«10/ersthr) 4m: 

For example, 

> conc(12, 345); 

12345 


Given a positive integer sequence {u,,}°2,, we define the corresponding Smarandache Con- 


secutive Sequence {scs,, }°2, recursively: 


SCS] = U1, 
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8C8n, = CONC(SCSn-1, Un). 


In Maple we define: 
> scs_n :=(u, n) — > ifn =1 then u(1) else conc(scs_n(u, n—1), u(n)) fi: 

> ses := (u, n) — > seq(scs_n(u, i), i=1--- n): 

The standard Smarandache consecutive sequence, introduced by the Romanian mathe- 
matician Florentin Smarandache, is obtained when one chooses u, = n,Vn € N. The first 10 
terms are: > scs(n->n,10); 


1, 12, 123, 1234, 12345, 123456, 1234567, 12345678, 123456789, 12345678910 


Another example of a Smarandache consecutive sequence is the Smarandache consecutive 
sequence of triangular numbers. With our Maple definitions, the first 10 terms of such sequence 
are obtained with the following command: 

> scs(t, 10); 

1, 13, 136, 13610, 1861015, 136101521, 13610152128, 


1361015212836, 136101521283645, 13610152128364555, 


Sometimes, it is preferred to display Smarandache sequence in ” triangular form” . 
> show :=L — >map(i — >print(i), L): 
> show([ses(t, 10)]): 

1 


13 
136 
13610 
1361015 
136101521 
13610152128 
1361015212836 
136101521283645 
13610152128364555 


The Reversed Smarandache Sequence (rss) associated with a given sequence {uy }92), is 
defined recursively by 


rss, = Uy 
188, = CONC(Un, TSSn—1)- 


In Maple we propose the following definitions: 
> rss_n :=(u, n) — > if m = 1 then u(1) else conc(u(n), res_n(u, n—1)) fi: 
> rss :=(u, n) — > seq(rss_n(u, i), i=1,--- n): 
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The first terms of the reversed Smarandache sequence of triangular numbers are now easily 
obtained: 
> rss(t, 10); 
1, 31,631, 10631, 1510631, 211510631, 28211510631, 


3628211510631, 453628211510631, 55453628211510631, 


We define the Smarandche Mirror Sequence (sms) as follows: 
sms, = U1, 


8MSy, = conc(conc(Un, 8MSn—1), Un) 


> sms_n :=(u, n) — > ifn =1 then 
> u(1) 
> else 
> conc(conc(u(n), sms_n(u, n—1)), u(n)) 
> sms :=(u, n) — >seq(sms_n(u, i), i=1---n): 
The first 10 terms of the Smarandache mirror sequence introduced by Smarandache are: 
> sms(n — >, 10); 


1, 212, 32123, 4321234, 543212345, 65432123456, 7654321234567, 


876543212345678, 98765432 123456789, 109876543212345678910 


We are interested in the Smarandache mirror sequence of triangular numbers. The first 10 
terms are: 
> sms(t, 10); 


1,313, 63136, 106313610, 1510631361015, 21151063136101521, 


282115106313610152128, 3628211510631361015212836, 
45362821151063136101521283645, 554536282115106313610152128364555, 


Finally, we define the Smarandache Symmetric Sequence (sss). For that we introduce the 
function ” But Last Digit” (bld): 
> bld :=n — > iquo(n,10): 
> bld(123); 
12 


If the integer number is a one-digit number, then function bld returns zero: 
> bld(3); 
0 


This is important: with our conc function, the concatenation of zero with a positive integer n 
gives n. 
> conc(bld(1), 3); 
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The Smarandache Symmetric Sequence (sss) is now easily defined, appealing to the Smaran- 
dache consecutive, and reversed Smarandache sequences: 


8889n—1 = conc(bld(scson—1),7SS82n—1), 


$882n, = CONC(SCS2n, 7882), 


n € N. In Maple, we give the following definitions: 
> sss_n :=(u, n) — > if type(n, odd) then 


> conc(bld(scs_n(u, (n+1)/2), rss_(u, (n+1)/2)) 
> else 

> conc(scs_n(u, n/2), rss_n(u, n/2)) 

> fi: 


> sss :=(u, n) — > seq(sss_n(u, i), i=1---n): 
The first terms of Smarandache’s symmetric sequence are 
> sss(n — > n, 10); 


1,11, 121, 1221, 12321, 123321, 1234321, 12344321, 123454321, 1234554321 


while the first 10 terms of the Smarandache symmetric sequence of triangular numbers are 
> sss(t, 10); 


1, 11, 131, 1331, 13631, 136631, 136110631, 1361010631, 1361011510631, 13610151510631, 


One interesting question is to find prime numbers in the above defined Smarandache sequences 
of triangular numbers. We will restrict our search to the first 1000 terms of each sequence. All 
computations were done with Maple 9 runing on a 2.00Ghz Pentium 4 with 256Mb RAM. We 
begin by collecting four lists with the first 1000 terms of the consecutive, reversed, mirror, and 
symmetric Smarandache sequences of triangular numbers: 
> st:=time(): Lscs1000:=[scs(t, 1000)]: print(” %a seconds”, round(time()-st)); 

20 seconds 

> st:=time(): Lrss1000:=[rss(t, 1000)]: print(” %a seconds”, round(time()-st)); 

75 seconds 

> st:=time(): Lsms1000:=[sms(t, 1000)]: print(” %a seconds”, round(time()-st)); 

212 seconds 

> st:=time(): Lsss1000:=[sss(t, 1000)]: print(” %a seconds”, round(time()-st)); 

26 seconds 

We note that scsjgo9 and rssjg99 are positive integer numbers with 5354 digits; 

> length(Lscs1000[1000]), length(Lrss1000[1000]); 


5354, 5354 


while smsjg99 and sssjo99 have, respectively, 10707 and 4708 digits. 
> length(Lsms1000[1000]), length(Lsss1000[1000)); 


10707, 4708 
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There exist two primes (13 and 136101521) among the first 1000 terms of the Smarandache 
consecutive sequence of triangular numbers; 

> st := time() 

> select(isprime, Lscs1000); 

> printf(” %a minutes”, round((time()-st) /60)); 


(13, 136101521] 


9 minutes 

six primes among the first 1000 terms of the reversed Smarandache sequence of triangular 
numbers; 

> st := time() 

> select(isprime, Lrss1000); 

> printf(” %a minutes”, round((time()-st) /60)); 


[31, 631, 10631, 55453628211510631, 786655453628211510631, 10591786655453628211510631] 


31 minutes 
only one prime (313) among the first 600 terms of the Smarandache mirror sequence of triangular 
numbers; 


> length(Lsms1000[600]); # sms_{600} is a number with 5907 digits 
5907 


> st := time() 
> select(isprime, Lsms1000/[1- - - 600]); 
> printf(” %a minutes”, round((time()-st) /60)); 


[313] 


3 minutes 

and five primes among the first 1000 terms of the Smarandache symmetric sequence of 
triangular numbers (the fifth prime is an integer with 336 digits). 

> st := time() 

> select(isprime, Lsss1000); 

> printf(” %a minutes”, round((time()-st) /60)); 

[11,131,136110631,1361015212836455566789110512012010591786655453628211510631, 

1361015212836455566789110512013615317119021023125327630032535137840643546549652856159 
5630666703741780820861903946990103510811128117612251275132613781431148515401596165316 
5315961540148514311378132612751225117611281081103599094690386182078074170366663059556 
152849646543540637835132530027625323121019017115313612010591786655453628211510631] 

19 minutes 

> length(%[5]); 

336 


How many primes are there in the above defined Smarandache sequences of triangular 


numbers? This seems to be an open question. Another interesting question is to find triangular 
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numbers in the Smarandache sequences of triangular numbers. We begin by defining in Maple 
the boolean function istriangular. 

> istriangular := n — > evalb(nops(select(i— >evalb(whattype(i)=integer),) [solve(t(k)=n)])> 
0) 

There exist two triangular numbers (1 and 136) among the first 1000 terms of the Smaran- 
dache consecutive sequence of triangular numbers; 

> st := time() 

> select(istriangular, Lscs1000); 

> printf(” %a seconds”, round(time()-st)); 


(1, 136] 


6 seconds 

while the other Smarandache sequences of triangular numbers only show, among the first 
1000 terms, the trival triangular number 1: 

> st := time() 

> select(istriangular, Lrss1000); 

> printf(” %a seconds”, round(time()-st)); 


[1] 


6 seconds 
> st := time() 
> select(istriangular, Lsms1000); 
> printf(” %a seconds”, round(time()-st)); 


[1] 


10 seconds 
> st := time() 
> select(istriangular, Lsss1000); 
> printf(” %a seconds”, round(time()-st)); 


[1] 


6 seconds 

Does exist more triangular numbers in the Smarandache sequences of triangular numbers? 
This is, to the best of our knowledge, an open question needing further investigations. Since 
checking if a number is triangular is much faster than to check if a number if prime, we invite 
the readers to continue our research of triangular numbers for besides the 1000th term of the 


Smarandache sequences of triangular numbers. We look forward to readers discoveries. 
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81. Introduction 


A number is called a square-free number if its digits don’t contain the numbers: 0, 1, 4, 
9. Let A denote the set of all square-free numbers. In reference [1], Professor F. Smarandache 
asked us to study the properties of the square-free number sequence. About this problem, it 
seems that none had studied it, at least we have not seen such a paper before. In this paper, 
we use the elementary method to study the number of the square-free number sequence, and 


obtain two interesting asymptotic formulas for it. That is, let S(a) = S- 1, we shall prove 
n<a,neA 
the followings: 
Theorem 1. For any real number x > 1, we have the asymptotic formula 
In6 
In S(ax) = a ine O(1). 
In 10 


Theorem 2. For any real number x > 1, we have the asymptotic formula 


y 1=2+0O (wit? ) ‘ 
n<x,nEB 
where 6 denote the complementary set of those numbers whose all digits are square numbers. 
Let B’ denote the set of those numbers whose all digits are square numbers. Then we have 
the following: 


Theorem 3. For any real number x > 1,we have the asymptotic formula 


1 In & 
S- —=Inz+y-C+0O (2m), 
n<x,nEB a 
where C is a computable constant, y denotes the Euler’s constant. 
Let A’ denote the complementary set of A, we have following: 


Corollary. For any real number x > 1, we have the asymptotic formula 
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1 In 8 
i =Inz-+7-D+0(2-b), 
n 


n<a2,neA’ 


where D is a computable constant. 


§2. Proof of Theorems 


In this section, we shall complete the proof of Theorems. First we need the following one 
simple lemma. 


Lemma. For any real number x > 1, we have the asymptotic formula 


S- == C40 (am). 


nm 
n<a,neB’ 


Proof. In the interval [10"~1, 10"), (r > 2), there are 3 x 4"~' numbers belong to B’ , and 
every number’s reciprocal isn’t greater than os} when r = 1, there are 4 numbers belong to 
B’ and their reciprocals aren’t greater than 1. Then we have 


1 = 4" 
Da eg 


then >> ,,¢R | is convergent to a constant C. So 


a Ps xan \ “i ) 

Now we come to prove Theorem 1. First for any real number x > 1, there exists a non- 
negative integer k, such that l0*<a< 10°" {hk > 1) therefore k < logx < k+1. If a number 
belongs to A, then its digits only contain these six numbers: 2, 3, 5, 6, 7, 8. 

So in the interval [10’~!,10")(r > 1), there are 6” numbers belong to A. Then we have 


k+1 k+2 2 
6 : 6 6 i 
Sy. 1506" = 2x (68-1) < —— < Sx amit, 
5 5 5 
n<a,neA r= 
and 
6 1 
S. 12> 6 =—-x (6*-1) > 6% > =x gms, 
5 6 
n<a,neA r=1 
So we have 


1 ie 
n6 In6 
xX Zino < ) De 


n<axneA 


ont 


Taking the logarithm computation on both sides of the above, we get 
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In(e™t0) +(—In6)< S> 1<In (xi) + (2x In6—In5). 


n<a,neA 


So 


In S(a) = In S- 1 =In (xi) + 0(1) = 2 xine + (1). 
n<aneA 
This proves the Theorem 1. 
Now we prove Theorem 2. It is clear that if a number doesn’t belong to 6, then all of its 
digits are square numbers. So in the interval [10"~!, 10"), (r > 2), there are 3 x 4"~! numbers 
don’t belong to B; when r = 1, there are 4 numbers don’t belong to B. Then we have 


y° das i= a 


n<x2,neEB n<x n<a,neB’ 
=2+O0(4+3x4+3x4?+---+3x 4") 


=xr+O (4*+1) =x+O ("ie") : 


This completes the proof of the Theorem 2. Now we prove the Theorem 3. In reference [2], we 
know the asymptotic formula: 


1 1 
Yt =me+y+0(4), 
neue = 


where ¥ is the Euler’s constant. 
Then from this asymptotic formula and the above Lemma, we have 


y i-y3- 


n<a,neB n<ax n<ax,neB’ 


z 
n 
=Ine 7+0(2)-¢ Fo(e% mt) 


=ine+7-C+0 (0° 8) 


This completes the proof of the Theorem 3. Now the Corollary immediately follows from the 


Lemma and Theorem 3. 
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81. Introduction 


In this paper, we studied Finite-Smarandache 2-algebraic structure of Finite-near-rings, 
namely, Finite-Smarandache-near-ring, written as Finite-S-near-ring. A Finite-Smarandache 
2-algebraic structure on a Finite-set N means a weak algebraic structure Ag on N such that 
there exist a proper subset M of N, which is embedded with a stronger algebraic structure Aj, 
stronger algebraic structure means satisfying more axioms, by proper subset means a subset 
different from the empty set, from the unit element if any, from the whole set [5]. By a Finite- 
near-ring N, we mean a zero-symmetric Finite- right-near-ring. For basic concept of near-ring 
we refer to Gunter Pilz [2]. 

Definition 1. A Finite-near-ring N is said to be Finite-Smarandache-near-ring. If a 
proper subset M of N is a Finite-near-field under the same induced operations in N. 

Example 1 [2]. Let N = {0,71,2,n3} be the Finite-near-ring defined by: 

Let M = {0,n1} C N be a Finite-near-field. Defined by 

Now (N,+,.) is a Finite-S-near-ring . 

Example 2 [4]. Let N = {0,6,12,18, 24, 30,36,42,48,54} (mod 60) be the Finite- 
near-ring since every ring is a near-ring. Now N is a Finite-near-ring, Whose proper subset 
M = {0,12, 24, 36,48} (mod 60) is a Finite-field. Since every field is a near-field, then M is a 
Finite-near-field. Therefore N is a Finite-S-near-ring. 

Theorem 1. Let N be a Finite-near-ring. N is a Finite-S-near-ring if and only if there 
exist a proper subset M of N , either M = M.(z2) or Zp, integers modulo p, a prime number. 

Proof. Part-I: We assume that N is a Finite-S-near-ring. By definition, there exist 
a proper subset M of N is a Finite-near-field. By Gunter Pilz Theorem (8.1)[2], either M = 
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M.(z2) or zero-symmetric. Since 2:5 is zero-symmetric and Finite-fields implies Z,, S are zero- 
symmetric and Finite-near-fields because every field is a near-field. Therefore in particular M 
is Zp. 

Part-II: We assume that a proper subset M of N, either M = M.(z2) or Zp. Since 
M-.(z2) and Z, are Finite-near-fields. Then M is a Finite-near-field. By definition, N is a 
Finite-S-near-ring. 

Theorem. Let N be a Finite-near-ring. N is a Finite-S-near-ring if and only if there 
exist a proper subset M of N such that every element in M satisfying the polynomial x?™ — x. 

Proof. Part-I: We assume that N is a Finite-S-near-ring. By definition, there exist 
a proper subset M of N is a Finite-near-field. By Gunter Pilz, Theorem (8.13)(2]. If M is 
a Finite-near-field, then there exist p € P,dm € M such that | M |= p™. According to 
I.N.Herstein[3]. If the Finite-near-field M has p™ element, then every a € M satisfies a?™ = a, 
since every field is a near-field. Now M is a Finite-near-field having p™ element, every element 


ain M satisfies a?” = a. Therefore every element in M satisfying the polynomial x?” — x. 

Part-II: We assume that there exist a proper subset M of N such that every element 
in M satisfying the polynomial 2?” — x, which implies M has p™ element. According to 
I.N.Herstein[3], For every prime number p and every positive integer m, there is a unique field 
having p™ element. Hence M is a Finite-field implies M is a Finite-near-field. By definition, 
N is a Finite-S-near-ring. 

Theorem 3. Let N be a Finite-near-ring. N is a Finite-S-near-ring if and only if WM 
has no proper left ideals and Mp 4 M. Where M is a proper sub near-ring of N, in which 
idempotent commute and for each x € M, there exist y € M such that yx 4 0. 

Proof. Part-I :We assume that N is a Finite-S-near-ring. By definition A proper subset 
M of N is a Finite-near-field. In [1] Theorem (4),it is zero-symmetric and hence every left-ideal 
is a M-subgroup. Let M, 4 0 be a M-subgroup and m, 4 0 € M,. Then myimy =leM,. 
therefore M = M,. Hence M has no proper M-subgroup, which implies MW has no proper left 
ideal. 

Part-II: We assume that a proper sub-near-ring M of N has no proper left ideals and 
Mo 4 M, in which idempotent commute and for each x € M there exist y € M such that yx 4 0. 
Let ¢ A Oin M. Let F(x) = {m € M | ma = O}. Clearly F(x) is a left ideal. Since there 
exist y € M such that yx #0. Then y ¢ F(x). Hence F(x) = 0. Let ¢: (M,+) — (Mz, +) 
given by ¢(m) = ma. Then ¢ is an isomorphism. Since M is finite then Ma = M. Now bya 
theroem(2) in [1], M is a Finite-near-field. Therefore, by definition N is a Finite-S-near-ring. 

We summarize what has been studied in 

Theorem 4. Let N bea Finite-near-ring. Then the following conditions are equivalent. 

1. A proper subset M of N, either M = M,(z2) or Zp, integers modulo p, a prime number. 

2. A proper subset M of N such that every element in M satisfying the polynomial x?” — x. 

3. M has no proper left ideals and Mp 4 M. Where M is a proper sub near-ring of N, in 
which idempotent commute and for each x € M, there exist y € M such that yx 4 0. 

Theorem 5. Let N be a Finite-near-ring. If a proper subset M, sub near-ring of N, in 
which M has left identity and M is 0-primitive on M™. Then N is a Finite-S-near-ring. 

Proof. By Theorem(8.3)[2], the following conditions are equivalent: 
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(1) M is a Finite-near-field; 

(2) M has left identity and M is 0-primitive on M™. 

Now Theorem is immediate. 

Theorem 6. Let N be a Finite-near-ring. If a proper subset M, sub near-ring of N, in 
which M has left identity and MM is simple. Then N is a Finite-S-near-ring. 

Proof. By Theorem(8.3)[2], the following conditions are equivalent: 

(1) M is a Finite-near-field; 

(2) M has left identity and M is simple. Now the Theorem is immediate. 

Theorem 7. Let N be a Finite-near-ring. If a proper subset M, sub near-ring of N is a 
Finite-near-domain, then N is a Finite-S-near-ring. 

Proof. By Theorem(8.43)(2], a Finite-near- domain is a Finite-near-field. Therefore Mf 
is a Finite-near-field. By definition N is a Finite-S-near-ring. 

Theorem 8. Let N be a Finite-near-ring. If a proper subset M of N is a Finite-Integer- 
domain. Then N is a Finite-S-near-ring. 

Proof. By I.N.Herstein|[3], every Finite-Integer-domain is a field, since every field is a 
near-field. Now M is a Finite-near-field. By definition N is a Finite-S-near-ring. 

Theorem 9. Let N be a Finite-near-ring. If a proper subset M of N is a Finite-division- 
ring. Then JN is a Finite-S-near-ring. 

Proof. By Wedderburn’s Theorem(7.2.1)[3], a Finite-division-ring is a necessarily com- 
mutative field, which gives M is a field, implies M is a Finite-near-field. By definition N is a 


Finite-S-near-ring. 
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§1. Introduction and results 
Let n be an positive integer, the famous Smarandache function S(n) is defined as following: 
S(n) = min{m:m € N,n|ml}. 


About this function and many other Smarandache type function, many scholars have studied 
its properties, see [1], [2], [3] and [4]. Let p(n) denotes the greatest prime divisor of n, it is clear 
that S(n) > p(n). In fact, S(n) = p(n) for almost all n, as noted by Erdés [5]. This means that 
the number of n < x for which S(n) 4 p(n), denoted by N(x), is o(x). It is easily to show that 
S(p) = p and S(n) < n except for the case n = 4,n = p. So there have a closely relationship 
between S(n) and a(x): 


n(ey= 1+ >. [5], 


where (x) denotes the number of primes up to x, and [x] denotes the greatest integer less than 
or equal to x. For two integer m and n, can you say S(mn) = S(m) + S(n) is true or false? It 
is difficult to say. For some m an n, it is true, but for some other numbers it is false. 

About this problem, J.Sandor [7] proved an very important conclusion. That is, for any 


positive integer k and any positive integers m ,,™mz2,--- , mz, we have the inequality 


k k 
s (11 ms) < > Sli). 


This paper as a note of [7], we shall prove the following two conclusions: 


Theorem 1. For any integer k > 2 and positive integers m1,m2,--+ ,mMz, we have the 
inequality 


k k 
Ss ( ms) < | [ s(m). 
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Theorem 2. For any integer k > 2, we can find infinite group numbers m1,Mm2,°+: ,Mr 
such that: 


k k 
Ss (11 ms) = s S(m). 


§2. Proof of the theorems 


In this section, we will complete the proof of the Theorems. First we prove a special case 


of Theorem 1. That is, for any positive integers m and n, we have 
S(m)S(n) > S(mn). 


Ifm = 1 (orn = 1), then it is clear that S(m)S(n) > S(mn). Now we suppose m > 2 and n > 2, 
so that S(m) > 2, S(n) > 2, mn >m-+n and S(m)S(n) > S(m) + S(n). Note that m|S(m)!, 
n|S(n)!, we have mn|S(m)!5(n)!|((S(m) + S(n))!. Because S(m)S(n) > S(m) + Sn), we have 
(S(m) + S(n))'|(S(m)S(n))!. That is, mn|S\(m)!S(n)!|0S(m) + S(n))'|(S(m)S(n))!. From the 
definition of S(n) we may immediately deduce that 


S(mn) < S(m)S(n). 


Now the theorem 1 follows from S(mn) < S'(m)S(n) and the mathematical induction. 
Proof of Theorem 2. For any integer n and prime p, if p*||n!, then we have 


rs 


Let n; are positive integers such that nj A nj, ifi A j, where 1 < i,j < k, k > 2 is any positive 


integer. Since 


>|? [aot epee ai oF 


r=1 yp a 1 
For convenient, we let u; = 7 a So we have 
sp =p", t=1,2,---,k (1) 


In general, we also have 
k 


¥ || -y Eat yw 
r=1 i 


So 
S (pers) = yee (2) 
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Combining (1) and (2) we may immediately obtain 


k k 
S (11) = > 5S"). 


, noting that there are infinity primes p and n,, we can easily get Theorem 2. 


Ua, 


Let m; =p 
This completes the proof of the theorems. 
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On automorphism groups of maps, surfaces and 


Smarandache geometries ! 


Linfan Mao 


Institute of Systems, Academy of Mathematics and System Sciences, 


Chinese Academy of Sciences, Beijing, P-R.China 


Abstract A combinatorial map is a connected topological graph cellularly embedded in a surface. This 
report concentrates on the automorphism group of a map, which is related to the automorphism groups 
of a Klein surface and a Smarandache manifold, also applied to the enumeration of unrooted maps on 
orientable and non-orientable surfaces. A number of results for the automorphism groups of maps, 
Klein surfaces and Smarandache manifolds and the enumeration of unrooted maps underlying a graph 
on orientable and non-orientable surfaces are discovered. An classification for the closed s-manifolds by 
maps is found. Open problems related the combinatorial maps with the differential geometry, Riemann 


geometry and Smarandache geometries are also presented in this report for the further applications of 


the combinatorial maps to the classical mathematics. 


Keywords Automorphism group; Surface; Map; Smarandache geometries; Map geometries; Classifi- 


cation. 


Part I. Terminology and Notations 


§1.1 Klein Surfaces 

A Klein surface is a Hausdorff, connected, topological space S with a family 3> = {(Ui, di) |t € 
I} such that the chart {U;|i € I} is an open covering of S, each map ¢; : U; —> A; is a home- 
omorphism onto an open subset A; of C or Ct = {z € C : Imz > 0} and the transition 


functions 

bi5 = bib; + Oj(Ui( U3) — bi(Ui U5). 
are dianalytic, where a mapping f : A —> C is said dianalytic if ot = 0 (Cauchy-Riemann 
equation) or oi =0. 


§1.2 {Riemann Surfaces}c {Klein surfaces} 


§1.3 Embedding and Combinatorial Maps 
Embedding of a graph: 

For any connected graph T = (V(L), E(T)) and a surface S, an embedding of the graph T 
in the surface S' is geometrical defined to be a continuous 1 — 1 mapping 7: T — S. The image 
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7(L) is contained in the 1-skeleton of a triangulation of the surface S. If each component in 
S —7(I) homeomorphic to an open disk, then the embedding is an embedding. 
Map: 

A combinatorial map is a connected topological graph cellularly embedded in a surface. 
The Algebraic Definition of Maps: 

A combinatorial map M = (%q,8,P) is defined to be a basic permutation P, i.e, for any 
x € Xq, no integer k exists such that P*x = az, acting on Xq,g, the disjoint union of 
quadricells Ka of « € X (the base set), where K = {1,a, 3,a(} is the Klein group, satisfying 
the following two conditions: 

(Ci) oP = Pla; 

(Cii) the group UV; =< a, 8,P > is transitive on Vq,,. 


§1.4 Orientation 
If the group Vy =< af,P > is transitive on V.,3, then M is non-orientable. Otherwise, 
orientable. 


§1.5 An Example of Maps Kk, on the torus. 


Fig.1 


(Xo,8,P): 


Xa, = {Z, Y, Z, U, U, W, AX, AY, AZ, AU, AV, 
aw, Ba, By, Bz, Bu, Bu, Bw, aba, aBy, 
aBz,aBu, aBv, aBw} 
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P — (2, y, z)(aBa, u, w)(aBz, aBu, v) 
x (aBy, aBv, aBw) (ax, az, ay) (Bx, aw, au) 
x (Bz, av, Bu) (Gy, Bw, Bv) 
Vertices: 
oe es {(2, Y z), (az, AZ, ay)} 
v2 = {(a8x, u,w), (Bx, aw, au)} 
U3 {(aBz, aBu, v), (Bz, Qu, Bu)} 
“4 {(aBy, aBu, aZw), (By, Bw, Bv)} 
Edges: 


{e, ae, Be, aBe}, e € {x,y, z, u,v, w} 

Faces: 
fi = {(2, u, v, aBw, aBe, y, aBv, Bz), (Bx, az, av, By, ax, aw, Bv, Bu)} 
fo = {(2, au, w, aBy), (Bz, ay, Bw, au) } 


§1.6 Isomorphism of Maps 
Two maps M; = (Voa1P1) and Mz = (2 a: Pa) are said to be isomorphic if there exists 
a bijection € 


& : Xo8 —- Xe 9 


such that for Va € X24, 
fa(x) = a(x), €3(x) = B&(x), P(x) = P2€(2). 


§1.7 Equivalence 
Two maps M,, M2 underlying graph IT are equivalent if there exists an isomorphism ¢ 
between them induced by an element €,€ € AutI’. Call ¢ an equivalence between My, Mo. 
Certainly, on an orientable surface, an equivalence preserve the orientation on this surface. 
Theorem 1.1. Let M = (%q,8,P) be a map with an underlying graph T', Vg € Autl’. Then 
the extend action of g on Yq,g with X = E(I) is an automorphism of map M iff Vu e V(M), 
g preserves the cyclic order of v. 


§1.8 Covering of Maps 
For two maps M = (%q,3,P) and M = (y,g,P), call the map M covering the map M if 


—— ——_ 


there is a mapping 7: Yq g — Vq,g such that Vz € Vag, 


an(x) = ta(x), Br(x) = mB(x), tP (2x) = Pr(x). 


Theorem 1.2. Let 7: one — Xq,g be a covering mapping. Then 7 is an isomorphism iff 


mis an 1 —1 mapping. 


§1.9 Voltage Map 
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Let M = (%a,e,P) be a map and G a finite group. Call a pair (1/7, ¥) a voltage map with 
group G if 0: og > G, satisfying the following condition: 

(i) Va € Xa,g, 0(ax) = U(x), B(aBxr) = 0(Bx) = 3-1(z); 

(it) VF = (a, y,--- ,z)(Gz,--- , By, Bx) € F(M), the face set of M, 0(F) = 0(x)0(y)--- V(z) 
and < W(F)|F € F(u),u € V(M) >= G, where, F(u) denotes all the faces incident with the 


vertex wu. 


§1.10 Lifting of a Voltage Map 

For a voltage map (M,¥) with group G, the map M® = (Xe 3, P”) is called its lifting map. 

Theorem 1.3. An finite group G is a fixed-free automorphism group of a map M = 
(Xo,8,P) on V(M) iff there is a voltage map (M/G,G) with an assignment 0: Ya,6/G—- G 
such that M ~ (M/G)®. 

( A permutation group G action on 0) is called fixed-free if G, = 1¢ for Va € 2.) 


§1.11 Semi-Arcs of a Graph 
An edge e = uv € E(L) can be divided into two semi-arcs e,,, ey. 
X1 ([)— the set of semi-arcs. 
Incidence of Semi-Arcs: 
Call u the root vertex in the semi-arc e,,. Two semi-arc €,, f, are said v-incident or 


e-incident if u =v or e = f. 


§1.12 A Semi-Arc Automorphism 

An 1—1 mapping € on X1(I’) such that Vey, fy € X1(T), €(eu) and €(fv) are v-incident 
or e-incident if e,, and f, are v-incident or e-incident, is called a semi-arc automorphism of the 
graph YT. 

Aut 1 T— the semi-arc automorphism group of T 


For Vg € Autl’, there is also an induced action g|? on Xi(0), g: Xi (0) > Xi (7), as 


1 1 
2 2 
follows: 


Veu € Xi (1), 9(€u) = (9(€) gu): 


All induced action of the elements in AutI’ on X1(I’) is denoted by AutI'|?. Notice that 


AutD & AutI| 2 


Theorem 1.4. For a graph [ without loops, 


AutiP = Autl|?. 


Theorem 1.5. For two maps M, = (%o,8,P1) and Mz = (Xa,8, P2) underlying a graph 
T, then 

(i) M1, Mp are equivalent iff My, M2 are in one orbits of AutiT action on X1 (TP); 

(it) M,, Mz are isomorphic iff M1, M2 are in one orbits of Auti Tx <a> action on ¥q,. 
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Part II Automorphisms of Maps and Klein Surfaces 


§2.1 Relation of Maps with Klein Surfaces 
Angles incident with a Quadricell: 

For a map M = (%q,8,P), @ € Xa,g, the permutation pair {(x, Px), (ax, P~'ax)} is called 
an angle incident with x. 

Theorem 2.1. Any automorphism of a map M = (%q,8,P) is conformal. 

Theorem 2.2. If M is a locally orientable map of genus q, then Aut is isomorphic to a 
group of comformal transformations of a compact Klein surface of genus gq. 

(For Riemann surfaces, the same result gotten by Jones and Singerman in 1978.) 


§2.2 The Euler Characteristic of Lifting Map 
Theorem 2.3. The Euler characteristic y(M”) of the lifting map M” of the voltage map 
(M,G) is 
1 
x(M°) =|Gl(x4) + SD (-1 4+ peel 
me€O(F(M)) 


where O(F'(M)) denotes the order o(F') set of the faces in M. 


§2.3 A Group Being That of a Map 
Theorem 2.4 If a group G,G x Aut, is fixed-free on V(M), then 


IelM/ay+ = (+ 2) = x(n), 
m€O(F(M/G)) 


Corollary 2.1. If M is an orientable map of genus p, G < AutM is fixed-free on V(M) 
and the quotient map M/G with genus y, then 


2p — 2 
|G| = Ta: 
ay Dn ea) 
m€O(F(M/G)) 
Particularly, if M/G is planar, then 
2p —2 
IG] = ; 
2+ ee ee) 
m€O(F(M/G)) 


Corollary 2.2. If WM is a non-orientable map of genus g, G X Aut is fixed-free on V(M) 
and the quotient map M/G with genus 6, then 


q—2 
G| = : 
a ee ee) 
m€O(F(M/G)) 
Particularly, if M/G is projective planar, then 
q—2 


cl = | 
=L Sa) 
m€O(F(M/G)) 
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Theorem 2.5. If a group G,G x Aut M, then 


x(M)+  S7 (1&2(9)| +18 5(9))) = IGlx(4/@), 
9€G,gA1e 
where, ®,(g) = {v|ju € V(M),v9 = v} and ®;(g) = {f|f € F(M),f9 = f}, and if G is 
fixed-free on V(M), then 


x(M)+ S$) |®s(9)| = |G|x(M/@). 
9G gAla 
Corollary 2.3. If a finite group G,G x AutM is fixed-free on V(M) and transitive on 
F'(M), for example, M is regular and G = AutM, then M/G is an one face map and 


x(M) = |G|(x(M/G) — 1) + ¢(M4) 
Corollary 2.4. For an one face map M, if G, G X Aut is fixed-free on V(M), then 
x(M) — 1 = |G|(x(M/G) — 1), 


and |G], especially, |Aut/]| is an integer factor of x(M) — 1. 
Remark 2.1. For an one face planar map, i.e., the plane tree, the only fixed-free auto- 
morphism group on its vertices is the trivial group by the Corollary 2.4. 


§2.4 The Non-Euclid Area of a Map 
For a given voltage map (M,G), its non-Euclid area u(M,G) is 


w(M,G) =2n(-x(M)+ > (-14- 2). 
me€O(F(M)) 
Particularly, since any map M can be viewed as a voltage map (M,1¢), we get the non- 
Euclid area of a map M@ 
u(M) = u(M, 1g) = —2rx(M). 


Theorem 2.6. ( Riemann-Hurwitz formula) If G x AutM is fixed-free on V(M), then 


u(M) 


Gl = TM], 8) 


Theorem 2.7. The non-Euclid area y(A) of a triangle A on a surface S with internal 
angles 7, 0,0 is 
w(A)=n+0+0-—7. 


§2.5 A Combinatorial Refinement of Huriwtz Theorem 
Graphical property P: 

Define a graphical property P to be a kind of subgraphs of a graph T, such as, regular 
subgraphs, circuits, trees, stars, wheels, --- 

Call a subset A of Xq,3 of M = (%,8,P) has the graphical property P if the underlying 
graph of A has property P. 
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A(P, M)— the set of all the A subset with property P in the map M. 
Theorem 2.8. Let M = (%a,8,P) be a map. Then for VG =< AutM, 


[lv“|lv € V(M)] | IG 


IG] | |AI|ACP, M4), 
where [a, b,---] denotes least common multiple of a, b,---. 


Corollary 2.5. Let Tr2 be the set of tours with each edge appearing 2 times. Then for 
VG x AutM, 


Er 
Gl | (irra), t= Iri= Fl >a, re Tra). 
Let Tr, be the set of tours without repeat edges. Then 
_j7- 
|G] | (2UTrij,t= |2|= > 21, Te Tri,). 
Particularly, denote by ¢(i,7) the number of faces in M with facial length 7 and singular 
edges 7, then 


where, (a, b,---) denotes the greatest common divisor of a,b,---. 


Corollary 2.6. Let J be the set of trees in the map M. Then for VG x AutM, 


IG| | (2lt,1 > 1), 
where t; denotes the number of trees with | edges. 


Corollary 2.7. Let v; be the number of vertices with valence 7. Then for VG = AutM, 
IG| | (2tu;,2 > 1). 
Theorem 2.9. Let M be an orientable map of genus g(M) > 2. Then for VG =X Aut? M, 


IG] < 84(g(M) - 1) 
and for VG x AutM, 


IG < 168(g(M) — 1). 


Corollary 2.8. For any Riemann surface S of genus g > 2, 


4g(S) +2 < |AutTS| < 84(9(S) —1) 


8g(S) +4 < |AutS| < 168(g(S) — 1). 


Theorem 2.10. Let M be a non-orientable map of genus g'/(M) > 3. Then for VG xX 
Autt M, 


IG] < 42(g'(M) - 2) 
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and for VG = AutM, 
|G| < 84(g'(M) — 2), 


with the equality hold iff M is a regular map with vertex valence 3 and face valence 7 or vice 
via. 


Corollary 2.9. For any Klein surface K underlying a non-orientable surface of genus q > 3, 


|AutTK| <42(q—2) and |AutK| < 84(q— 2). 


§2.6 The Cyclic Group of a Klein Surface 
Theorem 2.11. Let M = (Xg,8,P) be a map and N = p}'---p,*,p1 < po <--> < Dr, be 
the arithmetic decomposition of the integer N. Then for any voltage assignment 7: Vo,3 - Zn, 
(i) if M is orientable, the minimum genus gmin of the lifting map M” which admits an 
automorphism of order N, fixed-free on V(M”), is 


1, o(M) 
Gmin =1+N{g(M)-14+(1- SO —)[4 I}. 
meO(F(M)) Pt 
(ii) if M is non-orientable, the minimum genus g/,,,, of the lifting map M® which admits 
an automorphism of order N, fixed-free on V(M”), is 
1, o(M) 


Gin = 2 Nig(M) —2-+-20——)| 


Il 8 


Theorem 2.12. The maximum order Naz of an automorphism g of an orientable map 
M of genus> 2 is 


and the maximum order N’ of anautomorphism g of a non-orientable map of genus> 3 is 
g g 


max 


Ni. <9(M) +1, 


mar — 


where g(M) is the genus of the map M. 

Corollary 2.10. The maximum order of an automorphism of a Riemann surface of genus> 
2 is 2g(M) +1, and the maximum order of an automorphism of a non-orientable Klein surface 
of genus> 3 without boundary is g(M) +1. 


§2.7 The Subgroup of a Graph Being That of Maps 

Theorem 2.13. Let [ be a connected graph. If G x AutI’, then G is an automorphism 
group of a map underlying the graph T[ iff for Vv € V(L), the stabler Gy x <vu>x <a>. 

Theorem 2.14. Let I be a connected graph. If G x AutI, then G is an orientation- 
preserving automorphism group of a map underlying the graph T iff for Vu € V(L), the stabler 
G, x~ <u> isa cyclic group. 

Theorem 2.15. Let M be a map underlying the graph G and 0maxz(M,g), Omax(G,g) be 


the maximum order of orientation-preserving automorphism in AutM and in Aut 1 G. Then 


Omax(M, 9) < Omaa(G, 9) 
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and the equality hold for at least one map underlying the graph G. 

Corollary 2.11. For any positive integer n, there exists a vertex transitive map M un- 
derlying a circultant such that Z,, is an orientation-preserving automorphism group of the map 
M. 

Corollary 2.12. The maximum order of an orientation - preserving automorphism of a 
complete map K,,,n > 3, is at most n. 


Part III The representation of Automorphisms of a Map 


§3.1 Complete Maps 

A map underlying a complete graph K,, is called a complete map. Let K,, be a complete 
graph of order n. Label its vertices by integers 1,2,...,n. Then its edge set is {ij|1 < i,j < 
n,i # jij = ji}, and 


Xap(Kn) = {#1 <i,j snd 5} 
U {i :1<ij<niF yj} 


a= II Or), 


1<i,j<niFj 
B = II ee ee) 
1<i,j<n kj 
Theorem 3.1. All orientation-preserving automorphisms of non-orientable complete maps 


of order> 4 are extended actions of elements in 


€ €. nai 


eel “Hes | 


and all orientation-reversing automorphisms of non-orientable complete maps of order> 4 are 
extended actions of elements in 


a€ a€é Et 1,2]5 


[(28) 25]? [(28) 28]’ 


where, €g denotes the conjugatcy class containing element @ in the symmetry group S_. 
Theorem 3.2. All orientation-preserving automorphisms of orientable complete maps of 
order> 4 are extended actions of elements in 


E 


3]? n-1 


[s [1,s 3] 


and all orientation-reversing automorphisms of orientable complete maps of order> 4 are ex- 


tended actions of elements in 


Aya sy Cay ty Cra» 
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where,€, denotes the conjugatcy class containing 6 in S',. 


§3.2 Semi-Regular Maps 

A graph is semi-regular if it is simple and its automorphism group action on its ordered 
pair of adjacent vertices is fixed-free and a map is semi-regular if it underlying a semi-regular 
graph. 

Theorem 3.3. Let I be a semi-regular graph. Then all the automorphisms of orientable 
maps underlying the graph T are 


*a.6 and ah|*~*,g,h € Autl with h = 0(mod2). 
g 


and all the automorphisms of non-orientable maps underlying the graph I are also 
g|*~8 and ah|*=2,9,h € Autl with h = 0(mod2). 


§3.3 One Face Maps 
Theorem 3.4. Let B,, be a bouquet with n edges 1,2,--- ,n. Then the automorphisms 


(g; hi, ha,-++ , hn) of orientable maps underlying a B,,,n > 1, are respective 
(Ol) gé ERE hy =1,1=1,2,--+ ,n; 
(O02) gé ERE and if 
n/k 
g= [[G. 2. oo th); 
i=1 


where 7; € {1,2,--- ,n},n/k = 0(mod2), then hy, = (1,a8),t=1,2,---,2andh,, =1 for j > 
2D: 


d 


(O3) gE eer mags and if 
2s (n—2ks)/2k 
9 = | [ (4, i2,-- te) II Cee ‘eis 
i=1 j=l 


where i;,e;, € {1,2,--- ,n}, then hy, = (1,a8),i = 1,2,--- ,s,hi, =1 for 1 > 2 and hj, =1 for 
t= 1,2,--- ,2k and the automorphisms (g; hi, he,--- , hn) of non-orientable maps underlying a 
By,n = 1, are respective 

(N1) geE€ hy =1,1=1,2,--- ,n; 


[ke]? 
(N2) geé€ Eek] and if 
n/k 
g= [[@. 2. _ tk), 
t=1 


where i; € {1,2,--- ,n},n/k = 0(mod2), then h;, = (1, a), (1, 2) with at least one h,,, (1, 8),i = 
1,2,---,% and hj, =1 for j > 2; 


(N3) gé€ Cae ayaa and if 


2s (n—2ks)/2k 


9 = ||, ia, ++i) Il (C515 @jas*** 9 Cjam)s 


i=l j=l 
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where 7;,e;, € {1,2,:--,n}, then hi, = (1,a8),(1,8) with at least one hi, = (1,8),i = 
1,2,---,8,hy, =1 for! >2 and hj, =1 fort =1,2,--- ,2k. 


Part IV The Enumeration of Unrooted Maps 


§4.1 A Scheme for Enumeration 
Theorem 4.1. For a given graph T, let € c €“(I), then the numbers n(€,T) and n(€,T) 


of non-isomorphic unrooted maps and non-equivalent embeddings in € are respective 


1 
n(E,T) = 3Aut,T] S- I®i(9)I, 


ge Autil 
2 


where, ®1(g) = {P|P € € and PY = P or P9* = P} and 


MET) =——— YD [als)), 


|Aut.D| ge Aut 1 1k 


where, ®2(g) = {P|P € € and P9 = P}. 
Corollary 4.1. The numbers n?(I),n% (Lf) and n4(L) of non-isomorphic unrooted ori- 
entable maps ,non-orientable maps and locally orientable maps underlying a graph [I are re- 


spective 
1 
Oo S O 
2 geAutiT 
1 
N Y N 
T S. Ci) : 
n ( ) 2)Autil 1 (g)|; 
2 geAut iT 
n'([) = a y) 1Sr(9)| 
2|Autil ati 
2 geAutil 
2 


where, ®?(g) = {P|P € E°(L) and PY = P or P9* = P}, ON(g) = {PIP € EN(L) and P¥ = P 
or PI = P}, OF (g) = {P|P € EX (L) and PY = P or PI = P}. 


§4.2 The Number of Complete Maps 
Theorem 4.2. The number n“(K,,) of complete maps of order n > 5 on surfaces is 


1 2(nk) (py, - Q)l% O(k)22™*)(n a ara 
k k|(n—1),k#1 


k|n — k|n,k=0(mod2) 


n(n=3) if k = 1(mod2); 
a(n, k) = 2k > I (mo 3 


n(n?) if k= 0(mod2), 


and 
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iS): se Ge 
a(n, k) = 2k , if k=1(mod2); 
fe Uin=3) if k= 0(mod2). 


and n’(K4) = 11. 
Theorem 4.3. The number n°?((K,,) of complete maps of order n > 5 on orientable 


surfaces is 
1 n—2)lk (k)(n — 2)!" 

ich «i ee ye FO, 

k|n — k|n,k=0(mod2) 


and n(K4) = 3. For Ky on the surfaces, see the Fig.2 


Fig.2 


§4.3 The Number of Semi-Regular Maps 
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Theorem 4.4. Let [ be a semi-regular graph. Then the numbers of unrooted maps on 
orientable and non-orientable surfaces underlying the graph I are 


nD) =o 00 Tg - 


€€Autl reTY §lnr(2)) 


and 


MDa x YO GIMME ye TT a2 -»y, 


|Autl| a very o(€|Nr(2)) 


where A(€) = 1 if o(€) = 0(mod2) and $, otherwise. 
Corollary 4.2. Let ! = Cay(Z, : S) be connected graph of prime order p with (p—1,|5|) = 
2. Then 


(|S|= )!? +2915] - DIF | @-1)(S|- 0)! 
n?(T, M) i | ie 
and 
_ QPP 1(s|- pe | 2a" — pp(|s| — 11" 
nX(r,M) = Op + ap 
_ QF -1)(p-VUs|- 0)! 
T Ap . 


§4.4 The Number of One Vertex Maps 
Theorem 4.5. The number n°(B,,) of non -isomorphic maps on orientable surfaces un- 


derlying a graph B,, is 


2n 2 1 OF (Z(S,[S: 
n?( By) = S- ke —}( 7 1) any ( (Sal 21) lea 
k|2n,k~2n kr Os, 


+ (2n) 


| son=0 


A(Z(Sn[S2])) 
Oso 


n 


Theorem 4.6. he number n(B,,) of non -isomorphic maps on the non-orientable surfaces 


with an underlying graph B,, is 


nN(Bn) = Gnas S- (ony e-1( 12% ZEnlS2)) | 
, k|2n,3<k<2n Os, 
7” al aaa tn 1 aa 15). 


For Bz on the surfaces, see the Fig.3. 
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Part V Map Geometry 


§5.1 What are the Contribution of Maps to Mathematics 
Klein Erlanger Program: 
Any geometry is finding invariant properties under the transformation group of this geom- 
etry (This is essentially the group action idea.) 
The following problems are applications of the Klein Erlanger Program in maps: 
i) determine isomorphism maps or rooted maps; 
it) determine equivalent embeddings of a graph; 
iti) determine an embedding whether exists; 
iv)enumerate maps or rooted maps on a surface; 
ee embeddings of a graph on a surface; 


What « are their importance to classical mathematics? 


(i 
( 
( 
(i 
(v 
(vi 


What are their contributions to science? 


§5.2 Smarandache Geometries 
Classical geometries: 
The axiom system of Euclid geometry is the following: 
(Al)there is a straight line between any two points. 
(A2)a finite straight line can produce a infinite straight line continuously. 
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(A3)any point and a distance can describe a circle. 

(A4)all right angles are equal to one another. 

(A5)if a straight line falling on two straight lines make the interior angles on the same side 
less than two right angles, then the two straight lines, if produced indefinitely, meet on that side 
on which are the angles less than the two right angles. 

The axiom (A5) can be also replaced by: 

(A5’)given a line and a point exterior this line, there is one line parallel to this line. 

The Lobachevshy-Bolyai-Gauss geometry, also called hyperbolic geometry, is a geometry 
with axioms (A1) — (A4) and the following axiom (L5): 

(L5) there are infinitely many line parallels to a given line passing through an exterior 
point. 

The Riemann geometry is a geometry with axioms (A1) — (A4) and the following axiom 
(5): 

there is no parallel to a given line passing through an exterior point. 

Smarandache introduced the paradoxist geometry, non-geometry, counter-proje 
-ctive geometry and anti-geometry by contradicts the axioms (A1) — (A5) in Euclid geometry, 
generalize the classical geometries. For example, the axioms of a Paradoxist geometry are 
(A1) — (A4) and with one of the following as the axiom (P5): 

(i)there are at least a straight line and a point exterior to it in this space for which any 
line that passes through the point intersect the initial line. 

(it) there are at least a straight line and a point exterior to it in this space for which only 
one line passes through the point and does not intersect the initial line. 

(iit) there are at least a straight line and a point exterior to it in this space for which only a 
finite number of lines l,,l2,--- ,ly,k > 2 pass through the point and do not intersect the initial 
line. 

(iv) there are at least a straight line and a point exterior to it in this space for which an 
infinite number of lines pass through the point (but not all of them) and do not intersect the 
initial line. 

(v)there are at least a straight line and a point exterior to it in this space for which any 
line that passes through the point and does not intersect the initial line. 


F. Smarandache, Mixed noneuclidean geometries, eprint arXiv: math/0010119, 10/2000. 


The Smarandache geometries are defined as follows. 

Definition 5.1. An axiom is said Smarandachely denied if the axiom behaves in at least 
two different ways within the same space, i.e., validated and invalided, or only invalided but in 
multiple distinct ways. 

A Smarandache geometry is a geometry which has at least one Smarandachely denied 
axiom(1969). 

A nice model for the Smarandache geometries, called s-manifolds, is found by Isier, which 
is defined by Mao using maps as follows: 


An s-manifold is any collection C(T,n) of these equilateral triangular disks T;,1 <i<n 
satisfying the following conditions: 
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(i) Each edge e is the identification of at most two edges e;,e; in two distinct triangular 
disks T;,Tj,1<i,j <n andi¥ J; 
(it) Each vertex v is the identification of one vertex in each of five, six or seven distinct 


triangular disks. 


H.Iseri, Smarandache manifolds, American Research Press, Rehoboth, NM,2002. 


L.F.Mao, Automorphism groups of maps, surfaces and Smarandache geometries, American Research 


Press, Rehoboth, NM,2005. 


§5.3 A Classification of Smarandache Manifolds 

Classical Type: 
(1) Ay = {5 — regular triangular maps} (elliptic); 
(2) Ao = {6 — regular triangular maps}(euclidean); 
(3) Ag = {7 — regular triangular maps} (hyperbolic). 

Smarandache Type: 
(4) Ay = {triangular maps with vertex valency 5 and 6} (euclid-elliptic); 
(5) As = {triangular maps with vertex valency 5 and 7} (elliptic-hyperbolic); 
(6) Ag = {triangular maps with vertex valency 6 and 7} (euclid-hyperbolic); 
(7) A7 = {triangular maps with vertex valency 5,6 and 7} (mized). 
Theorem 5.1. |A;| = 2, |As| > 2 and |A,|,i = 2,3,4,6,7 are infinite. 


Iseri proposed a question: Do the other closed 2-manifolds correspond to s-manifolds with 


only hyperbolic vertices?. Since |A3| is infinite, the answer is affirmative for this question. 


§5.4 Map Geometry 

Definition 5.2. For a combinatorial map M with each vertex valency> 3, associates a 
real number p(u),0 < u(u) < 7, to each vertex u,u € V(M). Call (M, u) the fundamental 
map space, (uw) the angle factor of the vertex u and to be orientable or non-orientable if the 
map M is orientable or not. 

Definition 5.3. A point u in a map space (M, y) is called elliptic, euclidean or hyperbolic 
if p(u)u(u) < 2m, p(u)u(u) = 2m or p(u)u(u) > Qn. 

Definition 5.4. Let (1/7, 4) be a map space. An m-line in (M, jz) is a curve with a constant 
curvature. Points in (M, 4) are called m-points. 

We have the following result for map geometries. 

Theorem 5.2. For any planar map M with order> 3 and vertex valency> 3, there is an 
angle factor 4 such that (M, 4) is a Smarandache geometry by denial the axiom (A5) with the 
axioms (A5), (L5) and (RS). 
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Fig.4 


Theorem 5.3. For any map MM on an orientable surface with order> 3 and vertex valency> 
3, there is an angle factor yw such that (M, 44) is a Smarandache geometry by denial the axiom 
(A5) with the axioms (A5),(L5) and (R5). 

Theorem 5.4. Let P be a k-polygon in a map space with each line segment passes through 
at most one elliptic or hyperbolic point. If H is the set of elliptic points and hyperbolic points 
on the line segment of P, then the sum of the internal angles in P is 


(&-+ || —2)m— 5 > plu) ale). 
u€H 

Corollary 5.1. Let A be a triangle in a map space. Then 

(i) if A is euclidean, then then the sum of its internal angles is equal to 7; 

(iz) if A is elliptic, then the sum of its internal angles is less than 7; 

(iti) if A is hyperbolic, then the sum of its internal angles is more than 7. 

Theorem 5.5. The number n°(I, g) of non -equivalent orientable map geometries under- 
lying a simple graph [ by denial the axiom (A5) by (A5), (L5) or (RS) is 

3" TT (e(v) — 1)! 
veV(L) 
2|Autl| , 


where p(v) is the valency of the vertex v in the graph G. 
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Part VI Open Problems for Combinatorial Maps 


§6.1 The Uniformization Theorem for Simple Connected Riemann Surfaces 

The uniformization theorem for simple connected Riemann surfaces is one of those beautiful 
results in the Riemann surface theory, which is stated as follows: 

If S is a simple connected Riemann surface, then S is conformally equivalent to one and 
only one of the following three: 

(a) CU; 

(0) ¢; 

(c) A={zECl|z| <1}. 

How can we define the conformal equivalence for maps enabling us to get the 
uniformization theorem of maps? 

What is the correspondence class maps with the three type (a) — (c) Riemann 


surfaces? 


§6.2 Combinatorial Construction of an Algebraic Curve of Genus 
A complex plane algebraic curve C; is a homogeneous equation f(z,y,z) = 0 in PoC = 
(C? \ (0,0,0))/ ~, where f(x,y, 2) is a polynomial in x,y and z with coefficients in C. The 
degree of f(x,y, z) is said the degree of the curve C;. For a Riemann surface S, a well-known 
result is ((2]) there is a holomorphic mapping y : S — P2C such that y(S) is a complex plane 
algebraic curve and 
(d(y(S)) = 1)(d(e(S)) = 2) 


g(S) = 9 : 


By map theory, we know a combinatorial map also is on a surface with genus. Then 


whether we can get an algebraic curve by all edges in a map or by make 
operations on the vertices or edges of the map to get plane algebraic curve with 
given k-multiple points? 


how do we find the equation f(x,y, z) = 0? 


§6.3 Classification of s-Manifolds by Maps 

We present an elementary classification for the closed s-manifolds in the Part V. For 
the general s-manifolds, their correspondence combinatorial model is the maps on surfaces 
with boundary, founded by Bryant and Singerman in 1985 (R.P.Bryant and D.Singerman, 
Foundations of the theory of maps on surfaces with boundary, Quart. J.Math. Oxford(2),36(1985), 
17-41.). The later is also related to the modular groups of spaces and need to investigate further 
itself. The questions are 

(i) how can we combinatorially classify the general s-manifolds by maps with 
boundary? 

(it) how can we find the automorphism group of an s-manifold? 

(itt) how can we know the numbers of non-isomorphic s-manifolds, with or 


without root? 
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(iv) find rulers for drawing an s-manifold on a surface, such as, the torus, the 


projective plane or Klein bottle, not the plane. 


§6.4 Map Geometries 

(i) For a given graph, determine properties of the map geometries underlying 
this graph. 

(ii) For a given locally orientable surface, determine the properties of map 
geometries on this surface. 

(iit) Classify map geometries on a locally orientable surface. 

(iv) Enumerate non-equivalent map geometries underlying a graph or on a 
locally orientable surface. 

(v) Establish the surface geometry by map geometries. 


(vt) Applying map geometries to classical mathematics or other sciences. 


§6.5 Gauss Mapping Among Surfaces 
In the classical differential geometry, a Gauss mapping among surfaces is defined as follows: 
Let S C R? be a surface with an orientation N. The mapping N : S — R® takes its value 


in the unit sphere 


S? = {(0,y,2) € Ra? +? +2? = 1} 


along the orientation N. The map N : S — $7, thus defined, is called the Gauss mapping. 
we know that for a point P € S such that the Gaussian curvature K(P) 4 0 and V a 
connected neighborhood of P with K does not change sign, 


N(A) 


where A is the area of a region B Cc V and N(A) is the area of the image of B by the 
Gauss mapping N : S — $?. The questions are 

(i) what is its combinatorial meaning of the Gauss mapping? How to realizes 
it by maps? 

(it) how we can define various curvatures for maps and rebuilt the results in 


the classical differential geometry? 


§6.6 The Gauss-Bonnet Theorem 
Let S be a compact orientable surface. Then 


/ : Kag= ays), 


where K is Gaussian curvature on S. 
This is the famous Gauss-Bonnet theorem for compact surface. The questions are 
(i) what is its combinatorial mean of the Gauss curvature? 
(it) how can we define the angle, area, volume, curvature, ---, of a map? 
(iit)can we rebuilt the Gauss-Bonnet theorem by maps? or can we get a gen- 


eralization of the classical Gauss-Bonnet theorem by maps? 
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On the mean value of Smarandache ceil 
function 


Ding Liping 
Department of Mathematics, Northwest University 
Xi’an, Shaanxi, P.R.China, 710069 


Abstract For any fixed positive integer n, the Smarandache ceil function of order k is denoted by 


N* — N and has the following definition: 


S(n) = min{x € N | n|a2*} (vn € N*). 


In this paper, we study the mean value properties of the Smarandache ceil function, and give a sharp 


asymptotic formula for it. 


Keywords Smarandache ceil function; Mean value; Asymptotic formula. 


81. Introduction 


For any fixed positive integer n, the Smarandache ceil function of order k is denoted by 
N* — N and has the following definition: 


S,(n) = min{fz € N | n|a*} (Vn € N*). 


For example, $2(1) = 1, S2(2) = 2, S2(3) = 3, S2(4) = 2, So(5) = 5, So(6) = 6, So(7) = 7, 
So(8) = 4, So(9) = 3, ---. This was introduced by Smarandache who proposed many problems 
in [1]. There are many papers on the Smarandache ceil function. For example, Ibstedt [2] and [3] 
studied this function both theoretically and computationally, and got the following conclusions: 


(Va,b € N*)(a,b) = 1 => S_z(ab) = S,(a)Sz(0), 


Sk(pt"pg?.+++ -Dr7) = S(pt").- +> Sper). 


In this paper, we study the mean value properties of the Smarandache ceil function, and 
give a sharp asymptotic formula for it. That is, we shall prove the following: 
Theorem. Let x > 2, for any fixed positive integer k, we have the asymptotic formula 


> Sk(n) = = (ak II f _ 7 (1+ ==) | et (x?) ; 


nsx Pp 


where ¢(s) is the Riemann zeta function, Il denotes the product over all prime p, and € be 


P 
any fixed positive number. 


'This work is supported by the N.S.F(60472068) and P.N.S.F of P.R.China 
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This solved a conjecture of [4]. 
From this theorem we may immediately deduce the following: 


Corollary 1. For any real number x > 2, we have the asymptotic formula: 


S > S2(n) = 5 (8) +0 (23+) 


n<ux 


Corollary 2. Let 7 > 1 and Sc(n) denotes the smallest cube greater than or equal to n, 
then we have 


§2. A Lemma 
To complete the proof of the theorem, we need the following famous Perron formula [5]: 
Lemma. Suppose that the Dirichlet series f(s) = > a(n)n—*, with s = o + it is conver- 
n=1 


gent absolutely for 0 > @, and that there exist a positive \ and a positive increasing function 
A(s) such that 


Yo la(n)|n-" « (o - B) 1,0 + 8 +0 
n=1 


and 


a(n) < A(n),n=1,2,---. 


Then for any b > 0, b+0 > 6, and x not to be an integer, we have 


_ 1 ad oad x? 
dX a(n)n = Oni _ f (80 + w) 7 ow +0 (a=) 
0 Geae nes) ; 
T |/ || 


where || x || is the nearest integer to x. 


§3. Proof of the theorem 


In this section, we shall complete the proof of Theorem. Let 


flo) = 2 HO, 


where Re(s) > 3. 
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No. 


By Euler product formula [6], we have 


ie = I (1+ SAP) SMP) 5.4 SHED 4...) 


where ¢(s) is the Riemann zeta function. 
Taking so = 0,b=3, T= x? in the Lemma, we have 


BME C(s\C(e— sr x 3 
S> Se(n) 1 if ¢( )¢( 1)¢(k 1) R(s) ; ds O(x?*®), 


mea ~ Qin iT ¢(2s — 2) 
where 
1 1 1 
R(s) = + 
( ) I1( 1+ ane (ss *)) 


To estimate the main term 


1 PHT (s)e(s— 1)C(ks— 1) 2" 
Mie? Ge Oe 


we move the integral line from s =3+7T tos = 34 +iT. This time, the function 


G(s)G(s = 1)¢(ks — 1)a* 
¢(2s — 2)s 


has a simple pole point at s = 2 with residue © ¢(2k —1)R(2). So we have 


EE af) am 
- Seen pein (t+ ps) 


Note that 


ve amd (s —1)¢(ks — 1)x° 3 
R(s)ds < 72*¢ 
Qin _ cs +f, ") se ¢(2s — 2)s ( ) 


From the above, we — immediately get the asymptotic formula: 


S~ Si(n) oe OTT [1 pap (1 | ==) | +O (23+). 


n<ux 


f(s) = 


R(s) 


This completes the proof of Theorem. 
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Abstract In this paper, we solve an open question concerning the Smarandache function. 
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For any positive integer n, let S(m) and y(n) denote the Smarandache function and the 


Euler totient function respectively. In [1], Bencze asked that solve the equation 


Ss (>: “) = ¢(n) |] S(x) (1) 
k=1 


in positive integers n. In this paper we solve this question as follows. 


Theorem. The equation (1) has only positive integer solution n = 1. 

The proof of our Theorem depends on the following lemmas. 

Lemma 1((3]). Ifa is a positive integer with a > 1, then S(a) > 1. 

Lemma 2([3]). Ifa and b are coprime positive integers, then we have S(ab) = max(S(a), S(6)). 
Lemma 3([2]). If p is a prime and a is a positive integer, then we have S(p%) < pa and 


P|S(p*). 


Proof of Theorem. It is easy to see that (1) has only solution n = 1 with n < 5. We now 
suppose that n is a positive integer solution of (1) with n > 5. Since ged (n,l+n+--++ mnt)? = 


1, by Lemma 2, we get 


s(S"') = S(n(ltn+---+n"')) (2) 
k=1 
= max(S(n),S(l+n+---+n")). 


If S(n) > S(1+n+---+n"?), then from (1) and (2) we obtain 


1 = (n) [J St). (3) 


Since n > 5, by Lemma 1, we get S(n—1) > 1 and (3) is impossible. So we have S(n) < 


S(ltnt---+n™?). 


This work is supported by N.S.F. of P. R. China(No.10271104), the Guangdong Provincial Natural Science 
'Foundation(No.011781) and the Natural Science Foundation of the Education Department of Guangdong 
Province(No.0161). 
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Then, by (1) and (2), we get 
S(l+n+---+n"1) = y(n) [J S(k). (4) 


Let 


L+nt-+-+n-) = pi pl? ---per (5) 


be the factorization of 1 +n+---+n"~!. By Lemma 2, we have 


S(L+n+-+-+n™*) = max(S(pt"), S(p97),--» ,S(pr")). (6) 
It implies that 
S(l+n4---+n"-) = S(p%), (7) 
where 
p? =p, l<j<r (8) 


Hence, by (1) and (7), we get 


Since p is a prime, we find from (9) that p|S(p%) and 
ple(n) or piS(k), LS hk Sn. (10) 
On the other hand, by Lemma 3, we have S(p*) < ap. Therefore, we get from (9) that 
ap > o(n) [J S(h). (11) 
k=1 


Since n > 5, we have y(n) > 1 and S(k) > 1 for k = 2,--- ,n. hence, by (10) and (11), we get 
1 . n—1 
a= F(n) [] s(k) > 2 (12) 
k=1 


However, since 1+ +---+n"~! is odd, we see from (5) and (8) that p* <n” and 


nlogn | nlogn 
log n. 1 
a< lees x 0g3 <nlogn (13) 


The combination of (12) and (13) yields 
nlogn > 2™-1, n>d, (14) 


a contradiction. Thus, (1) has only solution n = 1. The theorem is proved. 
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Abstract In this paper we generalize the abc-theorem for n-polynomials over F[a] in which F is 


an algebraically closed field of characteristic zero. This generalization is obtained by considering the 


Wronskian of functions over Fla]. We also show that the Diophantine equation (The generalized 


Fermat-Catalan equation) 


ay"? | ay’? beats ire ant, 
where ai, a2,:-: ,@n € F[az] such that at most one of a;’s is constant, and m1,m2,--- ,™mn € N, has no 
solution for which a;(¢ = 1,--- ,n) are relatively prime by pairs provided that n(n — 2) < min {m;}. 
1l<i<n 


Keywords  abc-theorem; abc-conjecture; algebraically closed field; Wronskian; Diophantine equa- 


tions. 


§1. Introduction 


Although the arithmetic abc-conjecture is a great mystery, its algebraic counterpart is a 
rather easy theorem (abc-theorem). It looks like it was first noticed by W.W. Stothers [1]. 
Later on it was generalized and rediscovered independently by several people, including R.C. 
Mason [2] and J.H. Silverman [3]. 

Discovering the abc-theorem, opened a new way for investigating the Fermat’s last theorem 
over the polynomials with coefficients in an algebraically closed field of characteristic zero. This 
theorem presented a very elementary proof of the Fermat’s last theorem for polynomials. This 
led mathematician to give a variant of this theorem over the ring of integer numbers. Of course, 
this result has been stated as a conjecture and this conjecture has not been proved yet. Today 
this conjecture is known as the abc-conjecture. Let us state the original abc-theorem [1-4,8,9]. 
To do this, we need to introduce some notations. We denote the set of all polynomials of one 
variable x over F by F[z], where F is an algebraically closed field of characteristic zero. We also 


consider the non-zero elements of F[], as follows 
r 
f(a) =c][(e-a)™, 
i=1 
where Q1,Q@2,-:- ,@, are the distinct roots of f, c 4 0 is a constant, and the positive integers 
m, (t= 1,2,--- ,7) are the multiplicities of the roots. The degree of the polynomial f is 


deg f =m, + mg+-+-+mM,. 


, The first and second authors are supported in part by the Institute for Advanced Studies in Basic 
Sciences Zanjan, IRAN 
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The number of distinct roots of f will be denoted by no(f). Thus, we have no(f) = r. If f,g 


are two nonzero polynomials, then in general 


no(fg) < no(f) + no(g), 


and the equality holds whenever f,g are relatively prime. Now, we state the abc-theorem. 
The abc-Theorem (Stothers, Mason, Silverman). Let a,b,c € F[z] be non-constant 


relatively prime polynomials satisfyinga+b=c. Then 
max{deg a, deg b, deg c} < no(abc) — 1. 


The similar result for the ring of integers is well-known as the abc-conjecture. This conjecture 
has been stated by Oesterle and Masser [5,6] in 1986. 

The abc-Conjecture (Oesterle, Masser). Given « > 0, there exists a constant C(e) 
such that for all a,b,c € Z witha+b=c, we have the inequality 


max{|al, |b], |e]} < C(e)(No(abe))'**, 
in which No(abc) denotes the radical of abc. By radical function we mean 


No(n) = I[» (p is prime and n € N). 
P| 


Note that Stewart and Tijdeman gave some lower bounds for C(e) (cf [7]). 


§2. Generalizing ABC-Theorem 


Now, we generalized the abc-theorem for n-functions. To do this, we need the following 
lemmas: 


Lemma 1. Suppose f is a nonzero polynomial in Fla]. Then, we have 


deg f —m.no(f) < deg(f, ‘eae uae (1) 


where (f, f’,--- , f(™) is the greatest common divisor of f, f',--- ,f™. 

Needless to say that the derivative is considered as a purely algebraic operator over the 
elements of F[x]. However, all known rules for derivatives in calculus text book can be easily 
proved by means of simple algebraic tools. 

Proof of Lemma 1. Suppose f(x) = c]]j_, (x — ai)’, in which aj, a2,--- , a, are the 
distinct roots of f with multiplicities m ,m2,--- ,m, respectively. 

Case I. Suppose for any i(1 <i <1) we have m; < m. Then we get 


deg f = }) mj < mr = m.no(f) < m.no(f) + deg(f, f,---  £). 


i=1 


Case II. Now, we suppose that there exists an 7 such that m; > m. Therefore, we have 


(a — a)™—™| £9) (j =0,1,--- ,m), 
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and consequently, 


(a — a4)™—™| Char ee foe. 


It is clear to see that, 


II CHa es fo). 


Considering the degrees of the both sides of the above result, we obtain 


S- (m; —m) < deg(f, f’,--- , f°). 


0<mi-—m 
1<i<r 


Since : 
Yom—m << S om—m) 
i=1 0<m;-—m 
1l<i<r 
we get 


S/ (mi —m) < deg(f, f',-+- sf) 


i=l 
or equivalently 
deg f — m.no(f) < deg(f, f’,--- f°), 


and this completes our proof. 
Remark 1. If char(F) = 0, then we conclude that 


deg f — m.no(f) < deg(f, f°) = S> (mi—m). 


Definition 1. Let fi, f2,--- , fn be functions over the ring F(x]. The Wronskian of these 
functions is defined by, 


Wht, fa,-+> » fn] = det ‘fo 


1<i,j<n 

Lemma 2. Jf char(F) = 0 and fi, fo,---,fn be linearly independent functions over 
F in Fla], then there exists an element x in F, such that W[fi, fa,---,fn/(x) # 0 ( we. 
W fi, fa,--: > fn](“) is @ nonzero polynomial ). 

Proof. Suppose for every x € F, we have 


W |Fipdast** odnl(e) =O. 


Therefore, there are constant numbers c;(¢ = 1,2,--- ,n) in F, such that at least one of these 


c; is nonzero and 


C1 ; tr ten ; = |, 
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or 


c1fi(x) a a Cn fn(2) = 0, 


which is a contradiction with the linearly independence of fy, fo,--- , fn. 
Lemma 3. Suppose char(F) = 0 and fi, fo,--- , fn are nonzero functions in Flax]. Then, 
for W([fi, fa,:+: , fn] 40, we have 


deg WU fos Sal <dea( fifa fa) — MAD. (2) 
Whenever deg f; = --- = deg fn, we get 
deg Whi for ful < deg( fifo fa) — MEY 1. 3) 


Proof. We proceed it by mathematical induction on n. The initialization step n = 1, is 
clear. Suppose it holds for n — 1 nonzero functions. By expanding the Wronskian determinant 
W (fi, f2,--: fn] with respect to the first row, we obtain 


n 


Wifi, fas-+: ifn = SOD WL ’ onde talk (4) 


i=l 


We have the following inequality for degrees 
deg W[fi, fa, aie yon < max {deg fi deg W[fi, aia ne cee = eda 


and since W[f1, fo,--: , fn] 4 0, there exists an i such that the right-hand side has the greatest 
degree, namely 


deg W[fi, fa,-*: Fn] < deg fi + deg W[fi,--- ’ Sa Figay Hel (5) 


Now, considering the induction hypothesis for the set of (n — 1)-functions 


fis ia Sea ste 


we get 
deg W[f;, mts ar iL) — | < deg (fi — fin i441 aa fh) ie Hin =) 
& desi fea * In) = — (6) 
Finally, by (5) and (6), we have 
deg W|fi, fa,-++ fn] < deg(fife--- fn) — _ 
For proving (3), it is necessary to show that after expanding the determinant of W[fi, fo,--- , fal, 


the term with the highest degree is vanished. We prove this by induction on n, with n > 2. 
First we investigate the case n = 2. Since deg f; = deg fo, we have f(x) = ayx* + P(x) and 
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fo(x) = byx*® + Q(x), where P(x) and Q(a) are two polynomials of degree at most (k — 1). So, 
we have 
ayx* + P(x) b,x® + Q(x) 
kayx*-1 + P'(x) kbpe®-' + Q'(x) 
= apx*Q' (x) + kbyx*—! P(x) — by,e* P! (x) — kayx* Q(x). 


Wifi, fal 


Now, assume its validity for any arbitrary (n—1)-functions. Then the proof is straight forward 


considering the relation (4). Now, we are ready to state our main result 


Theorem 1. Let fp = fi + fot-:++fn—1, in which f;’s are relatively prime by pairs in 


F[z] with char(F) = 0 and at most one of them is constant. Then, we have 


(n — 1)(n — 2) 


oar dees < (n — 2)no(fife--- fr) 5 ' (7) 

and also 
in d < 2 = Te) 1 8 
hae eg fi < (n —2)no(fife-- fn) 5 ; (8) 


Proof. For proving the first inequality, we distinguish between two cases. The proof of 
Case I, is analogous with [9, Theorem 1.2]. 

Case I. Let fi, fe,---,fn—-1 be linearly dependent over F. Now, the proof proceeds by 
induction on n. For n = 3, it is true; considering the results in [1-4]. Assume that the theorem is 
true for all cases n’,3 <n’ <n, and consider n polynomials. In equality f, = fit fe+:::+fn—1, 


assume that f;(i = 1,2,---,n— 1), are linearly dependent over F. Note that, at most one of 
the f,(i = 1,2,---,n—1), is constant. Let {fi,,:--,fi,}, g < m—1, be a maximal linearly 
independent subset of the f;(¢ = 1,2,--- ,n—1). Since n—1 > 2, and f,’s are relatively prime 


by pairs, it follows that q¢ > 2. So each f;,1 <7 <n-—41; 7 not one of the ix, is a linear 
combination of the f;,, of the form 


fp =AMifig Ho HAG hig (9) 


where the A, € F, and at least two of these A, are not zero. Using our inductive hypothesis we 
apply the theorem to (9). This yields that if A, 4 0, then 


: a(q~1) 
deg fi, < (9— Vno(Fi [] fa) — SQ: 
k=1 
and so that 
deg fix < (¢— 1no(]] fi) - ca (10) 
i=1 


Now, since at most one of f; is a constant, i.e. n — 1 < no ([]j_, fi), we yield that 


—1) 
2 


(n= 1(n—-2) 


(a— Yo] fi) - 49 < (n-2mo(] 4) 
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Now, using (10) and (11), we have 


deg fi, < (n—- 2)no(T I pi (n=1)(n = 2) 


i=1 


(12) 


From (9) the same estimate as in (12) follows for deg f;. Thus the theorem is proved for 
such f; and f;,. Inserting all the relations of the from (9) into the right side of equality 
fn = fit fo+---+ fn-1, yields an equation of the form 


fr = Kaif, +++ + Kg figs (13) 


where the «; € F. Moreover, if one of these «, = 0, then the corresponding f;, must be 
appeared in one of the equations (9) with a nonzero X,. Hence, (12) is established for this fi, . 
Finally, for those «, 4 0, we treat (13) exactly as we did (9), (note that g+1 <n), and obtain 
the estimate (12) for deg f;,,, and deg f,. This completes the induction in this case. 

Case II. fi, fo,--- , fn—1 are linearly independent over F. By using Lemma 2, we have 
W\{f1, fo,:+: ;fn—1] 4 0. Without lost of generality, we suppose that f,, has the greatest degree, 
and therefore it is necessary to prove that 


(n=1)(n=2) 


deg fn < (mn — 2)no( fife +++ fn) 5 


Considering the equality f, = fi + fo+-:-+ fn—1, we have 


Wifi: aaa »fn—2; fr—1] = Wift.-: . ibn oy tal: 


It can be easily seen for any i (i =1,--- ,n), 


'( a) Wise acsode al 


Since f;’s are relatively prime by pairs, we conclude that (fi, f/--- , f-)’s are relatively 


prime. So, we get 


II ata te) W lings > fn—2) fn—1]- 


i=1 
Now since W[fi,--- , fr—2; fn—1] #0, we conclude that 


Ss deg( fis fl A") < deg Wf, fo—2 fra. 


i=1 
Using the relations (1) and (2), we obtain 


n 


n—1)(n-2 
Y (deg fi — (n—2)no( fi) < deg( fa fa--- fa) — C= I=) 
i=1 
or equivalently, 
n—-1)(n-2 
dee fy <(m—2)no( fi fr fa) — C—O) 
For proving (8), it is necessary to consider the case deg f; = --- = deg f,. Now the proof is 


clear using the relation (3). 
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Remark 2. In the case where the number of constant polynomials are more than one, 


the inequality (7) is not valid in general case. For example if f; = --- = fs = 1, fe6 = x and 


fz = «+5, then it is not true. Indeed, finding similar inequality for the case that constant 
polynomials are more than one is an open question yet. 

As an immediate result of the relation (7), we have: 

Corollary 1. With the assumption of the Theorem 1, we have 


n(n—1)(n—2 
deg fafo--+ fa) < n(n 2)mo(fifa--- fn) — ™ a ) 
Corollary 2. For n > 3, suppose fi, f2,--- 5 fn are non-constant and relatively prime by 


pairs. Then we obtain 


1 no(fi) , mo(f2) _ nol fn) 
i= deg f; deg f2 ee deg fn 


Proof. Without loss of generality, we suppose that deg fi; < --- < deg fy. Applying 


Theorem 1, yields 
deg fn < (n — 2)(no(f1) +--+ + no(fn)): 


Dividing the both sides of the above inequality by (n — 2) deg f,, completes the proof. 


§3. Application to the generalized Fermat-Catalan Equa- 
tion 


Now, we deal with the generalized Fermat-Catalan equation [8]. 
Theorem 2. Consider the generalized Fermat-Catalan equation as follows 


ay tan? tetany =a, (14) 
in which a1,@2,:++ ,Qn are elements of Fla] with char(F) = 0, such that they are relatively 


prime by pairs and at most one of a;’s is constant. Then the equation (14) with condition 


n(n—-2)<m= ymin {m;} has no solution in Fla]. 


Proof. Suppose f, = at, fa = ay?,-+> 5 fn = a”. These functions satisfy the condi- 
tions of Theorem 1. Thus we have 
deg(af!*af'?---al™) <n(n—2)ng(ayt---armn) — B= n= 2) (15) 
We also have, 
m deg(a1a2++-Gn) < deg(ay"ay’? ++ ar), (16) 
and 
no(ay ay? ++: ar”) = no(a1ag+++ dn) < deg(ayag-++ an). (17) 
Now considering the both relations (15)-(17), we get 
m deg(a1a2---Gn) < n(n — 2) deg(azaz +++ an) nets) (18) 


D) 2 
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or equivalently, 


—1 —2 
(ona Denman an ) (19) 
The last inequality result in m — n(n — 2) < 0, which is in contradiction with our theorem’s 
hypothesis. Therefore, we conclude that the Diophantine equation (14) has no solution in F[z]. 
Of course, there is in [10] a natural extension of the above result for several variables using 


the generalized Wronskian. 
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Abstract For any positive integer n, let S(n) denotes the Smarandache function, and ¢(n) is the 
Euler function. The main purpose of this paper is using the elementary method to study the solutions 
of the equation S(n) = ¢(n), and give all solutions for it. 
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81. Introduction 


For any positive integer n, the Smarandache function S(n) is defined as the smallest integer 
m such that n|m!. From the definition and the properties of S(n), one can easily deduce that 


Ok, 


if n = p{'p5?---pe* is the prime powers factorization of n, then 


About the arithmetical properities of S'(n), many people had studied it before, see references 
[3], [4] and [5]. 

If n > 1, the Euler function ¢(n) is defined to be the number of all positive integers not 
exceeding n, which are relatively prime to n. It is clear that $(n) is a multiplicative function. 

In this paper, we shall use the elementary method to study the solutions of the equation 
S(n) = 6(n), and give all solutions for it. That is, we shall prove the following: 

Theorem. The equation S(n) = ¢(n) have only 4 solutions, namely, 


n = 1,8,9,12. 


§2. Proof of the theorem 


In this section, we shall complete the proof of the theorem. Let n = pf! pS? --- py." denotes 
the factorization of n into prime powers, and let 
S(n) = max {8(")} = S(O") 
Then from the definitions of S(n) and ¢(n) we have 
g(r) = pt (pr — 1)p3?- "(pa — 1) + pe" (pe — 1) 


(p*)o(m1) = p°"(p — 1) (m1) = S(p"). 


I 
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It is clear that n = 1 is a solution of the equation S(n) = ¢(n). If n > 1, then we will discuss 
the problem in three cases: 

(1) If a = 1 and n = p, then S(n) = p 4 p—1 = O(n). That is, there is no any prime 
satisfied the equation. If a = 1 and n = nip, then S(n) = p ¥ (p— 1)d¢(n1) = (nip). So the 
equation has also no solution. 

(II) If w= 2, then S(p?) = 2p and (p?n1) = p(p — 1)d(n1). So in this case S(n) = (n) if 
and only if 

(p — 1)6(m1) = 2. 


This time, there are two cases: p— 1 = 1, o(n1) = 2; p—1 = 2, d(n1) = 1. That is, p = 2, 
n, = 3; p= 3, n; = 1. So in this case, the equation has two solutions: n = 12, 9. 

(III) If a = 3, it is clear that S(23) = $(2?) = 4, so n =8 satisfied the equation. 

If a> 3 and p > 2, noting that 


pe Sa A So a Ph 


That is, 
°*(p—1)¢(m1) > ap, 


but 


So this time, the equation has no solution. 
Now combining the above three cases, we may immediately get all 4 solutions of equation 
S(n) = ¢(n), namely 
n= 1,8,9,12. 


This completes the proof of Theorem. 
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Abstract We present some inequalities for the polygamma funtions. As an application, we give 
the upper and lower bounds for the expression }~ + — Inn — 7, where y = 0.57721---is the Euler’s 
k=1 


constant. 
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81. Inequalities for the Polygamma Function 


The gamma function is usually defined for Rez > 0 by 


CO 
re)= | t?—te*dt. 
0 
The psi or digamma function, the logarithmic derivative of the gamma function and the 


polygamma functions can be expressed as 


= 1 Hl 
Oe Th) = Ge 


= 1 
n =(-]1 n+l ] oo 
w"(z) = (-1)"*'n » GEA 
for Rez > 0 andn=1,2,--- , where y = 0.57721--- is the Euler’s constant. 
M. Merkle [2] established the inequality 
2N oo 2N+1 
1 1 Bor 1 1 Bor 
— ——s ———— < —EEE a ees 
ms D2 + 0 pen G+ ep 7 i », pok+i 


The first five Bernoulli numbers with even indices are 
1 1 1 1 5 
By = =,B4 = -—, Bg = —, B38 = -—, Bin = =. 
2 »P4 »P6 42 »P8 30 ’ 10 66 
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The following theorem 1 establishes a more general result. 
Theorem 1. Let m> 0 and n> 1 be integers, then we have for x > 0, 


2m+1 2m 


1 Bg; 1 1 Bo; 1 
1 — <l —_ if 
ne — > yy aj wa < w(x) <Inz 55 » of 2 (1) 
and P 
gn Dent a (27)! gn 27 
=i). ob "PB Dat By) 
<(-l n+ly(n) < te + pei ee 2 
( ) p (x) gn Qqnrtl + 2 (29)! gnt2j ( ) 


Proof. From Binet’s formula [6, p. 103] 


1 = t t\ye™ 
5 fgg = VJ 1 dt 
InT(az) (: 5) Ing—a#+In n+ f (4 +5) ; 


we conclude that 


1 = t ie 
=] 1+ 
and therefore 
n+1,),(n _ (n — im \ n! \ as t \ t n-1,—at 
(PS a a ee gt) ee (4) 
It follows from Problem 154 in Part I, Chapter 4, of [3] that 
2m 2m+1 
t“4 -l+-< tJ 5 
2 Git “@ea° “9 yy (2;)! (5) 


for all integers m > 0. The inequality (5) can be also found in [4]. 

From (3) and (5) we conclude (1), and we obtain (2) from (4) and (5). This completes the 
proof of the theorem 1. 

Note that u(x + 1) = p(x) + 4 (see [1, p. 258]), (1) can be written as 


2m+1 2m 
i Big I i Ae i 
ae a ge < Yet) -ne <5 » ye (6) 
j=l j=l 
and (2) can be written as 
2m 5 
(n—1)! n! S Bg; T(n+ 2j) 
x” Qertt = (27)! arta 
=i ml . 2 By Poet 29) 
—y)rt1 (n) (n J cca 7 
de a xen Qent1 y (27)! ants ee 
In particular, taking in (6) m = 0 we obtain for x > 0, 
1 1 1 
Eanes 1)-Ine< — 8 
a ee eee i) 
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and taking in (7) m= 1 and n = 1, we obtain for x > 0 


1 1 1 1 2 1 , 1 1 1 (9) 
302° A42a7 3042 


The inequalities (8) and (9) play an important role in the proof of the theorem 2 in Section 


§2. Inequalities for Euler’s Constant 


Euler’s constant y = 0.57721--- is defined by 


= li eens “2 l 
y= lim a +3 ne | 


n 
It is of interest to investigate the bounds for the expression )> i —Inn—+. The inequality 
k=1 


1 1 1 1 
l 
2n eo ee na TS 5p 


is called in literature Franel’s inequality [3, Ex. 18]. 


n—-1 
It is given in [1, p. 258] that y(n) = }> ¢—7, and then we have get 
k=1 


n 


1 
zien y= ¥(n+ 1) —Inn. (10) 
k=1 
Taking in (6) « = n we obtain that 
2m+1 n 2m 
1 Boj 1 1 1 Boj 1 
] < = 11 
2n 2 27 ae: pone ee ag 2.3; nd en 


The inequality (11) provides closer bounds for > ¢ —Inn—¥. 
k=1 
L.T6th [5, p. 264] proposed the following problems: 


(i) Prove that for every positive integer n we have 


1 | 1 
< Inn < : 
2n + 2 ay = 2n+ 3 


(ii) Show that z can be replaced by a slightly smaller number, but that 5 can not be 
replaced by a slightly larger number. 
The following Theorem 2 answers the problem due to L.T6th. 


Theorem 2. For every positive integer n, 


1 1 1 
] 12 
O25. nn-y< ( ) 


2n+a = 


with the best possible constants 
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1 1 
a= 1-7 —2 and b= 3 
Proof. By (10), the inequality (12) can be rearranged as 
b< : an < 
nm a. 
w(n+1)—Inn = 
Define for x > 0 
1 
22. 


oe) = p(@+1)—-Ine 
Differentiating ¢ and utilizing (8) and (9) reveals that for « > 2 
(W(@ +1) —na)?6 (x) = = — "(e+ 1) - 2(@ + 1) Ina? 


1 1 1 1 1 \*_ 12-52 
Qe 120?) ~  360a° 


< 2e2 6x3 = 30x° 


and then the function ¢ strictly decreases with x > 2. 


Straightforward calculation produces 


1 
O(1) = 7—~ ~ 2 = 0.3652721 1862544155 --, 
= 


$(2) = ~——— — 4 = 0.35469600731465752 --- 
a 
y—-mn2 


2 


1 
$(3) = =~ — 6 = 0.34898948531361115--- . 
—7-I1n3 


is strictly decreasing. This leads to 
1 


Jim ¢(n) < d(n) < (1) = Tae 2. 


Making use of asymptotic formula of w (see [1, p. 259]) 


1 4 _ 
v(z)=Ine— 5 - pa + Ol@ ) (a — oo), 
we conclude that 
3+O(a*) 1 
ee) te ee) = ae =e 


This completes the proof of the theorem 2. 
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Abstract In this paper we find the number of smarandache zero divisors (S-zero divisors) and 
smarandache weak zero divisors (S-weak zero divisors) for the loop rings Z2Ln(m) of the loops L,(m) 
over Z2. We obtain the exact number of S-zero divisors and S-weak zero divisors when n = p? or p® or 
pq where p,q are odd primes. We also prove ZLn(m) has infinitely many S-zero divisors and S-weak 


zero divisors, where Z is the ring of integers. For any loop L we give conditions on L so that the loop 


ring Z2L has S-zero divisors and S-weak zero divisors. 


80 . Introduction 


This paper has four sections. In the first section, we just recall the definitions of S- 
zero divisors and S-weak zero divisors and some of the properties of the new class of loops 
L,,(m). In section two, we obtain the number of S-zero divisors of the loop rings Z2.Ln(m) 

p-l 
and show when n = p?, where p is an odd prime, Z2L,(m) has p(1 + oy P+1C,.) S-zero 

r=2, r even 
p’-1 
2 

divisors. Also when n = p°, p an odd prime, Z2L,(m) has p(1 + S- P'+1OL) + (1 + 

r=2, r even 

p-1l 

Sic P+1C_.) S-zero divisors. Again when n = pq, where p,q are odd primes, ZL,(m) has 


r=2,reven 


q-1 p—l1 
p+q+p( S- 1+10,,) +4( S> P+1C,,) S-zero divisors. Further we prove ZL;,(m) has 
r=2, r even r=2, r even 


infinitely many S-zero divisors. In section three, we find the number of S-weak zero divisors 

for the loop ring Z2L,(m) and prove that when n = p?, where p is an odd prime, Z2L,,(m) 
p-l 

has 2p(1 + S- P+1C,.) S-weak zero divisors. Also when n = p®, where p is an odd prime, 


pl p-l 
ZoLn(m) has 2p( > PANO) A057 S- P+1C;.) S-weak zero divisors. Again when 
r=2,reven r=2, r even 
q-1 p-l1 
n = pq, where p,q are odd primes, Z2L,(m) has 2[p( Se Il) + af > ea om | 
r=2, r even r=2, r even 


S-weak zero divisors. We prove ZL,,(m) has infinitely many S-weak zero divisors. The final 


section gives some unsolved problems and some conclusions based on our study. 
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§1. Basic Results 


Here we just recollect some basic results to make this paper a self contained one. 
Definition 1.1[4]. Let R be aring. An element a € R\{0} is said to be a S-zero divisor 
if a.b = 0 for some b £0 in R and there exists x,y € R\{0,a, b} such that 


iz. ax=O0 or ra=0 
wa by=0 or yb=0 
it. a2.yA#O or yar#0 


Definition 1.2[4]. Let R be a ring. An element a € R\{0} is a S-weak zero divisor if 
there exists b € R\{0,a} such that a,b = 0 satisfying the following conditions: There exists 
x,y € R\{0,a, b} such that 


i. ax=O0 or ra=0 
uw. by=0 or yb=0 
wm. xy=0 or yx=0 


Definition 1.3/3]. Let L,(m) = {e,1,2,3--- ,n} be a set where n > 3, n is odd and m 
is a positive integer such that (m,n) = 1 and (m—1,n) =1 with m <n. Define on L,(m), a 


binary operation ’.’ as follows: 


i. et=i.e for all i€ L,z(m)\{e} 


“i. @.=e for all i€ Ly(m) 


ii. Uj =t, where t=(mj—(m—1)i)(modn) for all i,j ELn(m), if#e and jF#e. 
Then L,,(m) is a loop. This loop is always of even order; further for varying m, we get a class 
of loops of order n+ 1 which we denote by Ly. 

Example 1.1[3]. Consider Z5(2) = {e,1,2,3,4,5}. The composition table for L5(2) is 


given below: 


e/1]/2]3]4]5 
efe}|1,)2)3]4)5 
Ll} l}e/3/5/2/4 
2/2/5)/e]4]1)]3 
3/3]/4]1]e]5]2 
4/4/3)5]/2)e)1 
5/5)/2)/4]/1)3]e 

This loop is non-commutative and non-associative and of order 6. 
Theorem 1.1[3]. Let L,(m) € Ly. For every t|n there exists t subloops of order k + 1, 


where k = n/t. 
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Theorem 1.2[3]. Let L,(m) € Ly. If H is a subloop of L,,(m) of order t + 1, then ¢|n. 


Remark 1.2[3]. Lagrange’s theorem is not satisfied by all subloops of the loop L,(m),i.e 
there always exists a subloop H of L,(m) which does not satisfy the Lagrange’s theorem, i.e 
o(1) t o(Ln(m)). 


§2. Definition of the number of S-zero divisors in ZL ,(m) 
and ZL,(m) 


In this section, we give the number of S-zero divisors in Z2L,(m). We prove ZL,(m) 
(where n = p? or pq, p and q are odd primes), has infinitely many S-zero divisors. Further we 
show any loop L of odd (or even) order if it has a proper subloop of even (or odd) order then 
the loop ring Z2L,(m) over the field Z has S-zero divisors. We first show if L is a loop of odd 
order and L has a proper subloop of even order, then Z2L,,(m) has S-zero divisors. 

Theorem 2.1. Let L be a finite loop of odd order. Z = {0,1}, the prime field of 
characteristic 2. Suppose H is a subloop of LE of even order, then ZL has S-zero divisors. 

Proof. Let |L| =n; where n is odd. ZL be the loop ring of L over Z2. H be the subloop 


of L of order m, where m is even. Let X = ye g, and Y = + h;, then 


i=l i=1 


X.Y =0. 
Now 
(l+q)X =0, go €l\H. 
also 
(l+hi+h;+he)Y =0, hi, hj, he € A. 
so that 


(L+g:)(1 +h; +h; + hx) £0. 


Hence the claim. 

Corollary 2.1. If L is a finite loop of even order n and H is a subloop of odd order m, 
then the loop ring Z2L has S-zero divisors. 

It is important here to mention that Z2L may have other types of S-zero divisors. This 
theorem only gives one of the basic conditions for Z2L to have S-zero divisors. 

Example 2.1. Let Z2L25(m) be the loop ring of the loop L25(m) over Z2, where 
(m, 25) = 1 and (m—1,25) = 1. As 5]25, so L25(m) has 5 proper subloops each of order 6. Let 
HT be one of the proper subloops of L25(m). 


Now take 
26 6 
X=)°Gi, v= he gi € Los5(m), h, € A, 
i=l i=l 
then 


(l+g)X =0, gi € Los(m)\H 
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but 
(1+ gi)(1 + hi) 40. 


so X and Y are S-zero divisors in Z2L25(m). 
Theorem 2.2. Let L,,(m) be a loop of order n+1 (n an odd number,n > 3) with n = p’, 
p an odd prime. Z2 be the prime field of characteristic 2. The loop ring Z2L,(m) has exactly 


p-1 
D (: + S- & va] 
r=2, 7 even 
S-zero divisors. 

Proof. Given L,,(m) is a loop of order n+1, where n = p? (p an odd prime). Let Z2L,(m) 
be the loop ring of the loop L,,(m) over Z2. Now clearly the loop L,,(m) has exactly p subloops 
of order p+ 1. The number of S-zero divisors in Z2L,,(m) for n = p? can be enumerated in the 


following way: Let 
n+l ptl 


ae and Y=Soh 
i=1 i=1 


where g; € L,(m) and h; € H;. For this 


X.Y =0 
choose 
a=(1+g), g €Ln(m)\H; 
b=(hi+h;), hi,hy € A; 
then 
aX=0 and bY =0 
but 


a.bF 0. 


So X and Y are S-zero divisors. There are p such S-zero divisors, as we have p subloops H; 
(7 =1,2,--- ,p) of Ly(m). 
Next consider, S-zero divisors of the form 
n+1 
(hi + ha) So 9: =0, where hi,ho€ Hj, gi € Ly(m) 


i=1 


put 
n+1 


X = (hy + ho), yoy. oi 
i=l 


we have °+!'C, such S-zero divisors. This is true for each of the subloops. Hence there exists 
P+1C, x p such S-zero divisors. Taking four elements hi, h2,h3,h4 from H; at a time, we get 


n+1 
(hy +ho+hg+ha) S~ gi =0 


i=l 
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so we get ?+!Cy x p such S-zero divisors. Continue in this way, we get 


n+1 
(hy +ho+++++hp-1) ¥> gi =0, where hy,ho,--- »Ayp-1 € A; 
i=1 


So we get ?+'C,_1 x p such S-zero divisors. Adding all these S-zero divisors, we get 


p-1 

P (: - Ds a) 
r=2, r even 

number of S-zero divisors in the loop ring Z2L,(m). Hence the claim. 


Example 2.2. Let ZL49(m) be the loop ring of the loop L49(m) over Z2, where (m, 49) = 
1 and (m— 1,49) = 1. Here p = 7, so from Theorem 2.2, Z2L49(m) has 


6 
(a4 sy m6, 


r=2, r even 
6 
S-zero divisors i.e 7(1 + S- 8C,.) = 889 S-zero divisors. 


r=2, r even 


Theorem 2.3. Let L,(m) be a loop of order n+ 1 (n an odd number, n > 3) with 
n= p°, pan odd prime. Z be the prime field of characteristic 2. The loop ring Z2L,(m) has 


exactly 
p’-1 


p-l 
polit S- Pe+icy +p (1+ S- mc, 


r=2, r even r=2, r even 
S-zero divisors. 

Proof. We enumerate all the S-zero divisors of Z2L,,(m) in the following way: 

Case I: As p|p?, L,,(m) has p proper subloops H; each of order p” + 1. In this case I, we 


have p? — 1 types of S-zero divisors. We just index them by type J), type Jn, ---, type I,2-1- 
Type J;: Here 
n+l p?+1 
SH > a=, Gg € Lp(m), he € Hy, (7 = 1,2,*** 4D) 
i=l i=l 
So we will get p S-zero divisors of this type. 
Type Io: 
n+1 
(hi the) S\gi=0, hi,ho € Hy(j =1,2,--- ,p). 
i=1 


As in the Theorem 2.2, we will get re, x p S-zero divisors of this type. 
Type Is: 
n+1 
(hy + hg + hs + ha) So 9: = 0, hy, ha, ha, ha € Pree) = 1,2, as ,D). 
i=l 
We will get ” +1C, x p S-zero divisors of this type. 


Continue this way, 
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Type I,2-1: 
n+1 


(hi +ho+-+++hpe1) S> gi =0, hy € Hi; 
i=1 


We will get PO 34 x p S-zero divisors of this type. Hence adding all this types of S-zero 


divisors we will get 
2 
pl 


pjl+ SO PHC, 


r=2, r even 


S-zero divisors for case I. 
Case II: Again p?|p*, so there are p* subloops H; each of order p+ 1. Now we can 
enumerate all the S-zero divisors in this case exactly as in case I above. So there are 


p-l 


p(t S- pricy) 


r=2, r even 
S-zero divisors. Hence the total number of S-zero divisors in Z2L,,(m) is 


p’-1 


p-l 
p\{1+t > P+. +p (+ S- mc, 


r=2, r even r=2, r even 


Hence the claim. 
Example 2.3. Let Z2L27(m) be the loop ring of the loop Le7(m) over Z2, where 
(m, 27) = 1 and (m — 1,27) =1. Here p = 3, so from Theorem 2.3, Z2L27(m) has 


8 2 
31+ So *HO)4+397+ So 4c) 
r=2, r even r=2, r even 


8 2 
S-zero divisors i.e 3 (: + bs "0,) +9 (: + > ‘e = 1533 S-zero divisors. 


r=2, r even r=2, r even 


Theorem 2.4. Let L,(m) be a loop of order n+ 1 (n an odd number, n > 3) with 
n = pq, where p,q are odd primes. Z 2 be the prime field of characteristic 2. The loop ring 
Z2L7,(m) has exactly 


q-1 p-1 
prare(ts S- mer) a(t DS mc, 


r=2, r even r=2, r even 


S-zero divisors. 
Proof. We will enumerate all the S-zero divisors in the following way: 
Case I: As p|pg, In(m) has p subloops H; each of order q+ 1. Proceeding exactly in the 
q-1 
same way as in the Theorem 2.3, we will get p+ p|1+ pa “HG, S-zero divisors for 
r=2, r even 
case I. 
Case II: Again q|pq, so L,,(m) has q subloops H; each of order p+ 1. Now as above we 
p-1 
will get q+ q{[1+ S- ei) S-zero divisors for case II. Hence adding all the S-zero 


r=2, r even 
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divisors in case I and case II, we get 


q-1 p—l 
p+q+p (+ S- c,) +4q (1+ S- mc, 
r=2, r even r=2, r even 

S-zero divisors in Z2Ly,(m). 

Hence the claim. 

Now we prove for the loop ring ZLZ,(m) when n = p? or p® or pq, where p,q are odd 
primes, ZL,,(m) has infinitely many S-zero divisors. 

Theorem 2.5. Let ZL,,(m) be the loop ring of the loop L,(m) over Z, where n = p? or 
p® or pq (p,q are odd primes), then ZL,,(m) has infinitely many S-zero divisors. 

Proof. Let L,(m) be a loop ring such that n = p?. L,,(M) has p subloops (say H;) each 
of order p+ 1. 

Now the loop ring ZL,,(m) has the following types of S-zero divisors: 


n+1 
X =a—bh,+bhy—ah3 and Y=)0 9; 


i=1 
where a,b € Z and h; € Hj, g; € Ln(m) such that 


n+1 
(a — bhy + bh — ahs) S$ gi = 0 


i=l 


Again 
(1—g%)¥ =0, gr € Ln(m)\H; 
also 
(a — bhy + bhg — ahz) Sh; = 0, hy € A; 
clearly 


(1—gn) | So hi] #0. 
hi,€A; 
So X,Y are S-zero divisors in ZL,,(m). Now we see there are infinitely many S-zero divisors 
of this type for a and b can take infinite number of values in Z. For n = p? or p® or pq we can 
prove the results in a similar way. Hence the claim. 


§3. Determination of the number of S-weak zero divisors 
in Z2L,(m) and ZL,,(m) 


In this section, we give the number of S-weak zero divisors in the loop ring Z2L,(m) when 
n is of the form p, p® or pq where p and q are odd primes. Before that we prove the existence 
of S-weak zero divisors in the loop ring ZL whenever L has a proper subloop. 

Theorem 3.1. Let n be a finite loop of odd order. Suppose H is a subloop of L of even 
order, then Z2L has S-weak zero divisors. 
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Proof. Let |Z| = n; n odd. ZL be the loop ring. H be the subloop of L of order m, 
where m is even. Let X = Se gi and Y=1+hi,g; € L, hi € H, then 


i=1 
X.Y =0 
Now m 
Y.) y=0, eH 
i=1 

also 

X(1+ g:) =0, g(F ht) € HH 
so that 


m 


(1+ 9) >> hi =0. 


i=1 
Hence the claim. 
Example 3.1. Let ZgL25(m) be the loop ring of the loop Le5(m) over Za, where 
(m, 25) = 1 and (m— 1,25) = 1. As 5|25, so L25(m) has 5 proper subloops each of order 6. 
Take 


26 
X=) og, Y=1+hi, 9:€L25(m), ye H 
i=1 


then 
X.Y =0 
again 
X(1+ g:) =0, gi(F ht) €H 
6 
YS hm =0, eH 

i=1 

also 


So X and Y are S-weak zero divisors in Z2L95(m). 
Example 3.2. Let Z2L21(m) be the loop ring of the loop L2\(m) over Z2, where where 
(m, 21) = 1 and (m— 1,21) =1. As 3]21, so L21(m) has 3 proper subloops each of order 8. 


Take 
8 


X=Sohi, Y=lth, hitee H 


then 


again 
X(1+g:)=0, o(Aht) eH 


22 
YS 9: =0, gi € Loi(m) 
j=l 
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also 


22 
(1+ 9) >> 9: =0, 
i=1 
So X and Y are S-weak zero divisors in Z2L21(m). 


Theorem 3.2. Let L,(m) be a loop of order n+ 1 (n an odd number, n > 3) with 
n= p*, pan odd prime. Z be the prime field of characteristic 2. The loop ring Z2L,(m) has 
exactly 

p-1 
2p ( » a) 
r=2, r even 
S-weak zero divisors. 

Proof. Clearly the loop L,(m) has p subloops H; each of order p+ 1. As in case of 
Theorem 2.3, we index the p — 1 types of S-weak zero divisors by 11, J2,--- ,[p-1. Now the 
number of S-weak zero divisors in Z2L,(m) for n = p? can be enumerated in the following way: 


Type I;. Let 
n+1 


X =h, + ho, Y= ogi 


i=l 


where hi, hz € H; and g; € L,(m) then 


XY =0 

take 

pt 

a= Shy, and b=hzg+ha where hi € Hj, (jf =1,2,--- ,p) 

i=l 

then 
aX =0, bY =0 

also 


ab =0 


So for each proper subloop we will get ?+'Cy S-weak zero divisors and as there are p proper 
subloops we will get ?+1Cz x p such S-weak zero divisors. 
Type Jz. Again let 


p+l 
X =hy+ho, Y=) la hy € A; 
i=1 
then 
XY =0 
take 
n+1 
a=)>° 9, gi € Ly(m), b=h, + ha, hi, ho € Ay, 
i=1 
then 


aX=0, bY =0 
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also 
ab=0 
Here also we will get ?+'C2 x p such S-weak zero divisors of this type. 
Type 13. 
n+1 
(hi +ho+h3+ha) S- gi, gi € Ln(m), hy € A;. 
i=1 


As above we can say there are ?+!C4 x p such S-weak zero divisors. 


Type I4. 
pti 
(hi +ho+h3+ha) Shi, hy € H;. 
i=1 
There are ?+!C, x p such S-weak zero divisors. 
Continue this way, 
Type Ip_2. 
n+1 
(ha + ho +-+++ hpi) >> 9; gi € Ly(m), hy € Ay. 
i=1 


there are ?*!C,_; x p such S-weak zero divisors. 


Type Ip-1. 


(hi + ho+++++ hpi) So hi, hy € Ay. 
i=l 
Again there are ?*'C,_, x p such S-weak zero divisors of this type. Adding all these S-weak 
zero divisors we will get the total number of S-weak zero divisors in Z2L,(m) as 


p-l 
r=2, r even 
Hence the claim. 
Theorem 3.3. Let L,(m) be a loop of order n+ 1 (n an odd number, n > 3) with 
n= p®, pan odd prime. Z be the prime field of characteristic 2. The loop ring Z2L,(m) has 


exactly 
p?-1 


p-1 
2p S- Pe+1c. 4 2p? ( S- mi) 
r=2, r even r=2, r even 
S-weak zero divisors. 
Proof. We enumerate all the S-weak zero divisors of Z2L,,(m) in the following way: 
Case I: As p|p?, L,(m) has p proper subloops H; each of order p? + 1. Now as in the 
Theorem 3.2. 


Type I: . 
nt 


(hi + he) S> gi =0, gi € Ln(m), hy € H;. 


i=l 


So we will get ?° +10 x p S-weak zero divisors of type Ih. 
8 
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Type Io: 
pt 
(hia hia) > hi =0, hy € Hj. 
i=1 
So we will get FuG, x p S-weak zero divisors of type Io. 
Continue in this way 


Type Ip2-2: 
n+l 
(hi + ho+++++hp21) S> gi = 0, 
i=1 


So we will get ea era x p S-weak zero divisors of this type. 
Type Ip2-1: 
pe+l 
(hi + ho +--+ +Ay21) So hi =0, 
i=1 
So we will get aa Omen x p S-weak zero divisors of type I,2_. 


Adding all this S-weak zero divisors, we will get the total number of S-weak zero divisors 
p?-l 
(in case 1) in ZLn(m) as 2p > HC, 
r=2, r even 


Case II: Again p?|p*, so there are p* proper subloops H; each of order p+ 1. Now we can 


enumerate all the S-weak zero divisors in this case exactly as in case I above. So there are 
p-l1 
2p? ( ss a) 
r=2, r even 


S-weak zero divisors in case II. 


Hence the total number of S-weak zero divisors in Z2L,,(m) is 


p?-1 


p-1 
2p ys Pe+1c. a0" ( > ) 


r=2, r even r=2, r even 


Hence the claim. 
Theorem 3.4. Let L,(m) be a loop of order n+ 1 (n an odd number, n > 3) with 
n = pq, p,q are odd primes. Z be the prime field of characteristic 2. The loop ring Z2.L,(m) 


2fo( 3 c;) +a( . ) 


r=2, r even r=2, r even 


has exactly 


S-weak zero divisors. 

Proof. We will enumerate all the S-weak zero divisors in the following way: 

Case I: As plpg, £,(m) has p proper subloops H; each of order ¢g+ 1. Proceeding exactly 
same way as in Theorem 3.3, we will get 


q-1 
2n( a vc, 


r=2, r even 
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S-weak zero divisors in case I. 
Case II: Again as q|pq, L,(m) has q proper subloops H; each of order p+ 1. So as above 
we will get 


p-l 
2q ( > a) 
r=2, r even 


S-weak zero divisors in case II. 


Hence adding all the S-weak zero divisors in case I and case II, we get 


o( 3 rc,) +a 3 “a, 


r=2, r even r=2, r4 even 


2 


S-weak zero divisors in Z)L,,(m). 

Hence the claim. 

Now we prove for the loop ring ZL,(m) where n = p? or p® or pq, (p,q are odd primes), 
ZL»(m) has infinitely many S-weak zero divisors. 

Theorem 3.5. Let ZL;,(m) be the loop ring of the loop L,(m) over Z, where n = p? or 
p® or pq (p,q are odd primes), then ZL,(m) has infinitely many S-weak zero divisors. 

Proof. Let L,,(m) be a loop ring such that n = p?. L,(M) has p subloops (say H;) each 
of order p+ 1. Now the loop ring ZL,,(m) has the following types of S-weak zero divisors: 

n+1 
X =a-— bhi + bhg—ah3z and Y= 4) 


i=1 


where a,b € Z,g; € Ln(m) and hi, h2,h3 € H; are such that 


XY =0. 

Again 

pti 

xX y h, = 0, hy € Hi; 

i=1 

also 
(l-g@)Y =0, g(Ahi) € Hy 

clearly 


pt+l 
(1 — gt) (S s) = 0. 


So X,Y are S-weak zero divisors in ZL,(m). Now we see there are infinitely many S-weak zero 
divisors of this type for a and 6 can take infinite number of values in Z. 
For n = p” or p® or pq we can prove the results in a similar way. 


Hence the claim. 
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§4. Conclusions: 


In this paper we find the exact number of S-zero divisors and S-weak zero divisors for the 
loop rings Z2L(m) in case of the special type of loops Lp(m) € Ln over Z2, when n = p? or 
p® or pq (p,q are odd primes). We also prove for the loop ring ZL,,(m) has infinite number of 
S-zero divisors and S-weak zero divisors. We obtain conditions for any loop L to have S-zero 
divisors and S-weak zero divisors. We suggest it would be possible to enumerate in the similar 
way the number of S-zero divisors and S-weak zero divisors for the loop ring Z2L,(m) when 
n = p*,s > 3; pa prime or when p = p,po--- p; where pj, po,:--: , pz; are odd primes. However 
we find it difficult when we take Z, instead of Z2, where p can be odd prime or a composite 
number such that (p,n+1 = 1) or (p,n+1 =p) and nis of the form n = pips «+: pt", ti > 1,n 
is odd and pj, p2,:--p, are odd primes. 
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The function equation S(n) = Z(n) ! 


Maohua Le 


Department of Mathematics, Zhanjiang Normal College 
29 Cunjin Road, Chikan Zhanjiang, Guangdong, P. R. China 


Abstract For any positive integer n, let S(n) and Z(n) denote the Smarandache function and the 
pseudo Smarandache function respectively. In this paper we prove that the equation S(n) = Z(n) has 
infinitely many positive integer solutions n. 


Keywords Smarandache function; Pseudo Smarandache function; Diophantine equation. 


For any positive integers n, let S(m) and Z(n) denote the Smarandache function and pseudo 
Smarandache function respectively. In [1], Ashbacher proposed two problems concerning the 


equation 
S(n) = Z(n) (1) 


as follows. 
Problem 1. Prove that if m is an even perfect number, then n satisfies (1). 
Problem 2. Prove that (1) has infinitely many positive integer solutions n. 
In this paper we completely solve these problems as follows. 
Theorem 1. If 7 is an even perfect number, then (1) holds. 
Theorem 2. (1) has infinitely many positive integer solutions n. 
Proof of Theorem 1. By [2, Theorem 277], if n is an even perfect number, then 


n= 2P-*(2? — 1), (2) 


where p is a prime. By [3] and [4], we have 


S(n) = 2? -1. (3) 
On the other hand, since 
5 (2? — 1) (2 -1) +1) =n, (4) 
by (2), we get 
Z(n) =2? -1 (5) 


immediately. The combination of (3) and (5) yields (1). Thus, the theorem is proved. 


This work is supported by N.S.F. of P. R. China(10271104), the Guangdong Provincial Natural Science 
'Foundation(011781) and the Natural Science Foundation of the Education Department of Guangdong 
Province(0161). 
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Proof of Theorem 2. Let p be an odd prime with p = 3( mod 4). Since S(2) = 2 and 
S(p) = p, we have 


S(2p) = max(S(2), S(p)) = max(2, p) = p. (6) 
Let t = Z(2p), By the define of Z(n), we have 
ttt ct Siatmedap). (7) 


It implies that either t = O(modp) or t+ 1 = O(modp). Hence, we get ¢ > p—1. Ift =p-—1, 
then from (7) we obtain 


1 

5(P — Lp = 0(mod2p). (8) 
whence we get 

1 

5 (P — 1)p = 0(mod2). (9) 
But, since p = 3(mod4), (9) is impossible. So we have 

t>p. (10) 

Since p + 1 = 0(mod4), we get 

1 

5P(P +1) = 0(mod2p) (11) 


and t = p by (10). Therefore, by (6), n = 2p is a solution of (1). Notice that there exist 
infinitely many primes p with p = 3(mod4). It implies that (1) has infinitely many positive 
integer solutions n. The theorem is proved. 
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Abstract The main purpose of this paper is using elementary method to study the main value of the 
m-th power mean of the sum of all digits in the Smarandache pseudo-number sequence, and give some 
interesting asymptotic formulae for them. 

Keywords Smarandache Pseudo-multiple of 5, pseudo-even, pseudo-odd sequence number; Sum of 


digits; Asymptotic formulae. 


81. Introdution 


A number is called Smarandache pseudo-multiple of 5 if some permutation of the digits is a 
multiple of 5, including the identity permutation. For example: 51,52, 53,54, 56, 57, 58, 59, 101, 102, 
103,104, 106--- are Smarandache pseudo-multiple of 5 numbers. Similarly we can define the 
Smarandache pseudo-even numbers and the Smarandache pseudo-odd numbers. In reference 
[1], Professor F.Smarandache asked us to study the properties of the pseudo-multiple of 5, 
pseudo-even, pseudo-odd sequence. Let A denote the set of all Smarandache Pseudo-multiple 
of 5 numbers; Let B denote the set of all Smarandache Pseudo-even numbers and Let C’ denote 
the set of all Smarandache Pseudo-odd numbers. For convenience, denoted by A(n), the sum 
of all the digits of the base 10 digits of n. That is 


if n = a, 10* + ap_110*-1+---+.a,10+ ag. In this paper, we shall use the element method to 
study the mean value of the m-power of the sum of all digits in the pseudo-number sequence, 
and give some interesting formulae for them. That is, we shall prove the following results: 


Theorem 1. For any integer number x > 1, we have the asymptotic formula 


pee =r € log) + O (x(logx)”~*). 


Theorem 2 For any integer number x > 1, we have the asymptotic formula 


S> A™(n) = 2 (5 log ) + O(a(log x)"~1). 


neB 
n<ux 
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Theorem 3 For any integer number x > 1, we have the asymptotic formula 


S- A™(n) =a (5 log c) + O(a(log x)”~*). 


§2. Some lemmas 


To complete the proof of the theorem, we need the following lemmas. 


Lemma 1. For any integer number x > 1, we have the asymptotic formula 


9 m 
oe A™(n) =a (5 log c) + O (x(log x)”~"). 
n<ux 
Proof. See reference [1]. 
Lemma 2. For any integer number x > 1. Let D denotes the complementary set of A, 
then we have the asymptotic formula 


2 =O (oS) 


Proof. From the definition of the set D, we know that the base 10 digits of the numbers 
in D are 1,2,3,4,6,7,8,9, not including 0,5. So, there are 8” m-digit number in D. Hence, 
for any integer n, there is a k such that 10°! < x < 10". Then we have 


k 
Arms) dL An) 
neED t=1 10¢-1!<n<10* 
n<ux neED 
Noting that 
A™(n) < (9t)™ x 8%, 


10*-1<n<10# 
neED 


we can write , . 
yy So aera <r 


t=1 10¢-1<n<10* t=1 
neD 


Since k < (logx) +1<k+1, we have 


log x)" 
ao =O ((logx)” x 8°") =O (-) 


This proves Lemma 2. 
Lemma 3. For any integer number x > 1. Let EF denote the complementary set of B, 
then we have the asymptotic formula 


S> A™(n) =O (oe) 


nek 
n<ux 
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Proof. By use the same method of proving Lemma 2, we can also get this Lemma. 


§3. Proof of the theorems 


Now we complete the proof of the theorems. First we prove Theorem 1. From the definition 


of Smarandache pseudo-multiple of 5 numbers, Lemma 1 and Lemma 2, we can get 


S> A™(n) S> A™(n) — $5 A™(n) 


neEA na neED 

na n<ax 
_ ce m 4 O( (lo yee) _—O (log a 
= 2\ 5 logs x(log x Byler 


= 2 (5 log °) an O(«(log x)"—}). 


This completes the proof of Theorem 1. Using the same method of proving Theorem 1, we can 
also deduce the other Theorems. 
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Abstract This short paper presents an exact formula for counting twin prime pairs less than or equal 
to x in terms of the classical Smarandache Function. An extension of the formula to count prime pairs 


(p,p + 2n),n > 1 and a positive interger is also given. 


81. Introduction 


The most known Smarandache function which has become a classical Smarandache function 
in number theory is defined as follows: 

Definition. The classical Smarandache function, S, is a function 

S:N— N,N, the set of natural numbers such that $(1) = 1, and S(n)=The smallest 
integer such that n/S(n)!. 

This function has been extensively studied and many interesting properties of it have been 
discovered [1]. Subsequently many Smarandache type functions have been defined and their 
interesting properties have been achieved. Ruiz and Perez have discussed some properties of 
several Smarandache type funcitons that are involved in many proposed, solved and unsolved 
problems [2]. 

An exact formula for counting primes less than or equal to given x in terms of classical 
Smarandache function has been discovered by L.Seagull[3]. Ruiz and Perez have quoted this 
result along with a proof while discussing some properties of the classical Smrandache function 
(Property 2.4) [2]. 


§2. A formula for twin prime pairs 


We now proceed to obtain an exact formula for counting twin prime pairs less than or 
equal to given x in terms of the classical Smarandache function. 

We denote by T>(a) the exact number of twin prime pairs less than or equal to x. Also 
[m] denotes the integral part of m. 

Theorem. 


_ S(9)-S +2) 
ne)=1+ S| coe 


where $(k) denotes the value of classical Smarandache function evaluated at k. 
Proof. It is well known that (1) S(p) = p iff p is prime > 4, (2) S(p) < p when p is not 
prime and p # 4, (3) S(4) =4. 
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In the light of the above properties, 
S(2)-S(4 
) [SBR] = 1. 


therefore (2,4) will be counted as a twin prime pair in the sum given in the above formula. 


The term ” — 1” is added in the formula to eliminate this additional count. Also, 
(2) [See] a7 
(9): (9+2) 


only when (j, 7 + 2) will be a twin prime pair and in all other cases 
[a] =, 
(9)-G+2) J 
Hence the theorem is obvious. 
Let us denote by T2,(x) the exact number of prime pairs (p, p+ 2n), n is a positive integer 
and n> 1. 


Corollary. 
7 S(j) SG + 2n) 
TA De fanceroml 


Proof. Since n > 1, the illegal appearance of the pair (2, 4) as a prime pair is automatically 
prohibited, and the proof follows by proceeding on the similar lines. 


§3. Conclusion 


Like formula for counting primes up to given 2, [3], one can obtain a similar formula for 
counting twin prime pairs as well as prime pairs in which the primes are separated by 2n in 
terms of the Classical Smarandache Functions by proceeding along the same lines. 
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1. Let f : N* — N bea given arithmetic function. Recently, J.L.Pe[3] has called a number 
n to be f-perfect, if 


y fO=% (1) 


ijnji<n 


where the sum is taken for all proper divisors i of n (i.e. i/n,i <n). Clearly for f = I (where 
I(n) =n for all n > 1)(1) given o(n) = 2n, i.e. one reobtains the classical perfect numbers. 

Let S, Z be the Smarandache, resp. Pseudo-Smarandache functions, defined by 

k(k+1 
S(n) = min{keN : n|n!}, Z(n) = min{keN : nj hRS Dy (2) 

Since 0! = 1, we may assume $(1) = 0. With this assumption, recently Ch. Ashbacher [1] 
showed that for n < 10° the only S-perfect number is n = 12, while the Z-perfect numbers in 
this range are n = 4,6, 471544. 

2. In what follows, we shall call a number n completely f-perfect, if 


fan, (3) 
where the sum is over all divisors of n. We note that this notion generalizes again the clas- 
sical notion of a perfect number, since for f = I — y (where y is Euler’s totient), clearly 
f(n) =n—-y => 0 for all n, and by Gauss’ relation S- p(t) =n, (3) implies o(n) = 2n. Thus, 

iln 
the completely J — y-perfect numbers are the perfect numbers. 


3. By assuming S(1) = 0, P.Gronas [2] has shown that for f = S, all solutions of equation 
(3) are the following: n = p (prime), and n = 9,16, 24. Thus: 

Theorem 1. All completely S-perfect numbers are the primes, and the numbers 9,16,24. 

Remark. It is important to note, that if one defines S(n) by S(n) = min{keN* : n|k!}, 
then clearly S'(1) = 1, and Theorem 1 above, as well as Aschbacher’s result, are no more valid. 
Indeed, when S(1) = 0, then for f = S, (1) has the form 


dS] S@=n, (4) 


ijn, l<i<n 
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while if S(1) = 1, then (1) becomes 
Sf) =n-1. (5) 
iln,l<i<n 


Thus we have two distinct equations, namely (4) at one part, and (5) at another part. 
On the other hand, from (3) we can deduce the two distinct equations (the first one solved by 
Theorem 1): 


S> f=n-S(n), (6) 
iln,l<i<n 
and 
S> fl) =n-S(n)-1. (7) 
ijn, l<i<n 


Then, since S(2) = 2, $(3) = 3 and 2, 3 are the only proper divisors of 6, n = 6 isa 
solution to (5), but not (4). Therefore one can have two distinct notions of ” S-perfect” (as 
well as "completely S-perfect”) numbers. Let us call n to be S-perfect in the case 1, if (4) 
holds, and S-perfect in the sense 2, if (5) holds. The following little result is true: 

Theorem 2. Let p,q be distinct primes. Then the only S-perfect number n of the form 
n = pq in the sense 2 is n = 6. There are no S-perfect numbers of this form in sense 1. The 
only S-perfect numbers of this form in sense 2. 

Proof. Let n = pq in (5), and assume p < q. Then since S(p) = p, S(q) = q, one obtains 
the equation p+ q = pq—lie. (p—1)(q—1) = 2, giving p—1=1,q—-—1=2,ie. p= 2, 
q = 3, implying n = 6. The equation (4) gives p+ q = pq, which cannot have a solution. Let 
now n = p’q. The proper divisors are p,q, p”, pq, and since S(p?) = 2p, S(pq) = q, (4) implies 


the equation 
3p + 2q = p’q. 
Since p|2q, clearly p|2, so p = 2. This implies q = 3, so n = 27-3 = 12. The equation 
3p +2q=p*q—1 


can not have solution, since for p = 2 this gives 7 = 2q (impossible); while for p,q odd, p?qg—1 = 
even, 3p + 2q = odd. 

In the similar way, one can prove: 

Thoerem 3. There are no completely S-perfect numbers of the form n = pq in both 
sense. There are no completely S-perfect numbers of the form n = pq in sense 1. The only 
completely S-perfect number of this form in sense 2, is n = 28. 

Proof. Let n = pq (p > q primes) in (6), resp. (7). Then one gets p+ q = pq — q, resp. 
p+q=pq—q-—1. The first equation, i.e. p+ 2q = pq forces q|p, impossible; while the second 
one, ie. p+2q+1= pq for p = 2 gives 3 = 0, while for p,q > 3 left side = even, right side n 
odd. 

Now let n = p?q. Since S(p?) = 2p, S(pq) = q and S(p*q) = max{S$(p7),S(q)} = 
max{2p, q}, one can deduce the following equations: 
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i) 3p + 2q = p*q — max {2p, g}; 
ii)3p + 2g = p*q — maxr{2p, g} — 1. 
i) a) 2p > q => 5p+2q=p'gq. Since p|2q, this gives p = 2, when 2g = 10, impossible. 


b) 2p <q => 3p + 3q = pq, giving p|3q, so p = 3 and 9 = 6p, impossible again. 

iija) > 5p + 2q = p?q—1. For p = 2 one has g = —5, impossible, while for p,q > 3 left 
side = odd, right side = even. 

b) > 3p + 3q = p?q—1. Remark that p = 2,q = 7 is a solution of this equation and this 
satisfies condition 2p < q since 4 < 7. Now, for p,q > 3 write the equation in the form 


q(pq — 3) = 3p +1 


and remark that by g > p> 3 one has gq > 5 so q(pq — 3) > 5(5p — 3) > 3p + 1, ie. 22p > 16, 
which is true. Thus, there are no other solutions. 

4. The solutions n = 6 of (5) and n = 28 of (7) are ordinary prefect numbers. Having in 
view to determine all these solutions, we first prove the following result: 

Theorem 4. Let n = 2"p, where p is an odd prime, k > 1 and p > 2k. Then n cannot be 
a solution to equation (4) or (6). The number n is a solution of (5) iff n = 6. The only solution 
of this type of equation (7) is n = 28. 


Proof. We first calculate S = s S(n). Since the proper divisors of n = 2*p are 
iln,l<i<n 
2, a, rae 2" op, 2p, 2?p, oe 2*-1p, one has 
S(n) = S(2) + 8(22) +++» + 8(2*) + S(1-p) + S(2+p) +--+ +. S(2"-} - p) 
Now 


S(2'p) = max{S(2'),  3(p)} = max{S(2'), p} 


and since it is well-known that $(2!) < 2l, by 21 < 2(k—1) < 2k <p we get 


S242 044 9b4 kp = EDS Lh = k(b 41) + Re, 
sO 
S<k(k+1)+kp (8) 


Therefore, by (4), (5), (6), (7) we have to solve the equations 


ae (4" 
S(2) + $(27) +---+.$(2*) + kp = 2%p—1 (5’) 

ae 6’ 

2yn-—p—1 (7') 


a) For (4’) remark that by (8) we must have 2*p < kp+ k(k +1), so p(2* —k) < k(k+1). 
Since p > 2k, on the other hand we have p(2* — k) > 2k(2* — 2) > k(k +1) by the inequality 
2(2* _k) >k +1, ie. 


rt Sake Lk Sd (9) 
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It is easy to verify by induction that (9) holds true for all k > 1. Therefore, equation (4’) 
is impossible. 

Remark. The solution n = 12 = 2? -3 with p = 3, k = 2 doesn’t satisfy p > 2k. 

b) Similarly, for (5’), by (8) we should have satisfied the inequality 2*p—1 < kp+k(k+1). 
Now, by p > 2k we get 


p(2* — k) < 2k(2* —k) > k(k+1) +14 k(2**1 — 3k -1) > 2. 
Now, the inequality 
QF > 8k+2,k>2 (10) 


holds true. Thus for k > 2 we cannot have a solution. For k = 1, however, by Theorem 2 we 
get the solution n = 2!-3 when p=3>2-1=2. 

c) For (6’) remark, that similarly we must have 2*p—p < k(k+1)+ kp, or p(2* —k-1) < 
k(k +1). Now, by p > 2k, and the inequality 


Q*t1 + 8k+3.k>3 (11) 


it follows that p(2* —k—1) > 2k(2* —k—1) > k(k+1). Thus we could have eventually k = 1 
or k = 2. By Theorem 3 we cannot have solutions. 

d) The equation (7’), by (8) implies 2*p—p—1 < k(k+1)+kp so p(2*—k—-1)—-1 < k(k+1). 
Now, by p > 2k, and 2k(2* —-k—1) > k(k+1) +14 k(2**1 — 3k — 3) > 1, this is true by 


gett > 3kh-+4,k > 3, (12) 


so we could have eventually k = 1 or k = 2, i.e. n = 2p or n = 2?p. By Theorem 3 this is 
possible only when p = 7, when p > 2k, i.e. 7 > 4 is satisfied. 

Corollary. There are no ordinary even perfect numbers which are S-perfect or completely 
S-perfect in sense 1. The only even perfect number which is S-perfect in sense 2 is n = 6. The 
only even perfect number which is completely S-perfect in sense 2 is n = 28. 

Proof. Let n be an even perfect number. Then, by Euclid-Euler’s theorem, n can be 
written as n = 2*p, where p is a prime of the form p = 2*+! — 1. Now, p > 2k is true, since 
akt+l Ss 29k +1, k > 1. This follows e.g. by induction, and we omit the details. Theorem 4 
implies the corollary. 

4, Finally, note that in paper [4] we have proved that the only completely d-perfect numbers 
are n = 1,3,18 and 36 (here d(n) is the number of distinct divisors of n). 
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Abstract Parallel lines are very important objects in Euclid plane geometry and its behaviors can 
be gotten by one’s intuition. But in a planar map geometry, a kind of the Smarandache geometries, 
the situation is complex since it may contains elliptic or hyperbolic points. This paper concentrates on 
the behaviors of parallel bundles in planar map geometries, a generalization of parallel lines in plane 
geometry and obtains characteristics for parallel bundles. 
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81. Introduction 


A map is a connected topological graph cellularly embedded in a surface. On the past 
century, many works are concentrated on to find the combinatorial properties of maps, such as 
to determine whether exists a particularly embedding on a surface ((7], [11]) or to enumerate 
a family of maps ({6]). All these works are on the side of algebra, not the object itself, ie., 
geometry. For the later, more attentions are given to its element’s behaviors, such as, the 
line, angle, area, curvature, ---, see also [12] and [14]. For returning to its original face, the 
conception of map geometries is introduced in [10]. It is proved in [10] that the map geometries 
are nice model of the Smarandache geometries. They are also a new kind of intrinsic geometry 
of surfaces ({1]). The main purpose of this paper is to determine the behaviors of parallel 
bundles in planar geometries, a generalization of parallel lines in the Euclid plane geometry. 

An axiom is said Smarandachely denied if the axiom behaves in at least two different ways 
within the same space, i.e., validated and invalided, or only invalided but in multiple distinct 
ways. 

A Smarandache geometry is a geometry which has at least one Smarandachely denied 
axiom(1969)([5], [13]). 

In [3] and [4], Iseri presented a nice model of the Smarandache geometries, called s- 
manifolds by using equilateral triangles, which is defined as follows(([3], [5] and [9]): 

An s-manifold is any collection C(T,n) of these equilateral triangular disks T;,1 <i<n 
satisfying the following conditions: 

(i) Each edge e is the identification of at most two edges e;,e; in two distinct triangular 
disks T;,Tj,1<i,j <n andiF J; 

(it) Each vertex v is the identification of one vertex in each of five, six or seven distinct 


triangular disks. 
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The conception of map geometries without boundary is defined as follows ((10]). 

Definition 1.1 For a given combinatorial map M, associates a real number p(u),0 < 
p(u) < 7m, to each verter u,u € V(M). Call (M,) a map geometry without boundary, p(u) 
the angle factor of the vertex wu and to be orientablle or non-orientable if M is orientable or 
not. 

In [10], it has proved that map geometries are the Smarandache geometries. The realization 
of each vertex u,u € V(M) in R® space is shown in the Fig.1 for each case of p(u)u(u) > 27, 
=27 or < 2n7, call elliptic point, euclidean point and hyperbolic point, respectively. 


Therefore, a line passes through an elliptic vertex, an euclidean vertex or a hyperbolic vertex 


u has angle pluses) 


“) at the vertex u. It is not 180° if the vertex u is elliptic or hyperbolic. Then 
what is the angle of a line passes through a point on an edge of a map? It is 180°? Since we wish 
the change of angles on an edge is smooth, the answer is not. For the Smarandache geometries, 
the parallel lines in them are need to be given more attention. We have the following definition. 

Definition 1.2 A family L of infinite lines not intersecting each other in a planar geometry 
is called a parallel bundle. 

In the Fig.2, we present all cases of parallel bundles passing through an edge in planar 
geometries, where, (a) is the case of points u,v are same type with p(u)u(u) = p(v)u(v), (b) 
and (c) the cases of same types with p(u)u(u) > p(v)u(v) and (d) the case of u is elliptic and 
v hyperbolic. 


ii u u u 
La L, | Li 
L L2 
L2 2 L» 
L 
L3 L; ’ Ls 
= v v v 
ta) (b) (c) (d) 


Fig.2 


Here, we assume the angle at the intersection point is in clockwise, that is, a line passing 
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through an elliptic point will bend up and a hyperbolic point will bend down, such as the cases 
=> 
(b),(c) in the Fig.2. For a vector O on the Euclid plane, call it an orientation. We classify 
=> 
parallel bundles in planar map geometries along an orientation O. 


§2. A condition for parallel bundles 


We investigate the behaviors of parallel bundles in the planar map geometries. For this 


object, we define a function f(a) of angles on an edge of a planar map as follows. 


Definition 2.1 Denote by f(x) the angle function of a line L passing through an edge wv 


at the point of distance x to u on the edge uv. 
Then we get the following result. 


Proposition 2.1 A family £L of parallel lines passing through an edge uv is a parallel 
bundle iff 


|: 3G 
dz|, ~ 


Proof. If £ is a parallel bundle, then any two lines L;, L2 will not intersect after them 
passing through the edge uv. Therefore, if 6;, 62 are the angles of L,, Lz at the intersect points 


of Ly, Ly with wv and Lg is far from u than D2, then we know that 6) > 6,. Whence, for any 
point with x distance from u and Az > 0, we have that 


f(a+ Ag) — f(x) 2 0. 
Therefore, we get that 


af 
dx 


im fetAa)- sO) , 5 
4  Az>+0 Az 


As the cases in the Fig.1. 

Now if at > 0, then f(y) > f(x) if y > x. Since CL is a family of parallel lines before 
meeting wv, whence, any two lines in £ will not intersect each other after them passing through 
uv. Therefore, £ is a parallel bundle. f 

A general condition for a family of parallel lines passing through a cut of a planar map 
being a parallel bundle is the following. 

Proposition 2.2 Let (M, 1) be a planar map geometry, C = {ui1, u2v2,:+- , ui} a cut 
of the map M with order uyzv1,U2v2,-++ ,ujy from the left to the right, | > 1 and the angle 


functions on them are fi, f2,--: , fi, respectively, also see the Fig.3. 
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Fig.3 
Then a family £L of parallel lines passing through C is a parallel bundle iff for any x,x > 0, 


0 
fir() + for (x) > 0 
fiz (@) + for(2) + fa.(x) 20 


fir (@) + fag (ae) +--+ fiz-(z) 2 0. 


Proof. According to the Proposition 2.1, see the following Fig.4, 


Fig.4 
we know that any lines will not intersect after them passing through u,v; and u2v2 iff for 
VAxz >Oand2z>0, 


fole+ Az) + fi,(a)Ae > fo(c). 
That is, 
reed oF foe) = 0. 
Similarly, any lines will not intersect after them passing through u,v1, ugv2 and u3v3 iff for 


VAxv >Oandz>0, 


fa(a+ Ax) + fo, (x) Az + fii (x)Az > fa(z). 
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That is, 


Fis (2) + fos (#) + f34 (x) > 0. 
Generally, any lines will not intersect after them passing through wu v1, ug2v2,--+ ,UWj—1UI-1 
and uv iff for VAx >0 and x > 0, 
fila + Az) + fLi,(w)Att+--++ fi, (a)Az > fi(z). 


Whence, we get that 


Age) + hye) Pot i,@) 20. 


Therefore, a family £ of parallel lines passing through C is a parallel bundle iff for any 
x,x > 0, we have that 


0 
fiz (x) + far (a) > 0 
fiz (2) + far (2) + fa4(z) 2 0 


fir (@) + faye) +++ fiz(z) 2 0. 


This completes the proof. 4. 

Corollary 2.1 Let (M,) be a planar map geometry, C = {u,v1, U2ve,--+ , uy} a cut 
of the map M with order uy,v1,U2v2,-++ , uy, from the left to the right, | > 1 and the angle 
functions on them are f, fa,--- , fr. Then a family £ of parallel lines passing through C' is still 
parallel lines after them leaving C iff for any x,x > 0, 


0 
i+(z) + fo4(x) = 0 
fir(2) + for (2) + f4(a) >= 0 


fig (@) + fay (a) +--+ fi4(@) 20 
Fig (2) + fay (a) +--+ + fi, (a) = 0. 


Proof. According to the Proposition 2.2, we know the condition is a necessary and sufh- 
cient condition for £ being a parallel bundle. Now since lines in £ are parallel lines after them 
leaving C iff for any x > 0 and Az > 0, there must be that 

fife + Ax) + fi_y4(x)Ar+ +--+ fi, (2A = fi(z). 


Therefore, we get that 
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fir@)+fy@)t--+fx(e)=0 4 


When do the parallel lines parallel the initial parallel lines after them passing through a 
cut Cin a planar map geometry? The answer is in the following result. 

Proposition 2.3 Let (M, 1) be a planar map geometry, C = {ui1, u2v2,:+- ,uvi} a cut 
of the map M with order uyzv1,Ugv2,°++ , uy from the left to the right, | > 1 and the angle 
functions on them are fi, fa,-::, fi. Then the parallel lines parallel the initial parallel lines 
after them passing through C iff for Vx => 0, 


0 
fi4() + fay (a) = 0 
fis (2) + for(a) + f3.(x) > 0 


fix (2) + fore) +--+ + frig (a) 20 


and 


fila) + fo(x) +--+ + fi(z) = In. 


Proof. According to the Proposition 2.2 and Corollary 2.1, we know the parallel lines 
passing through C is a parallel bundle. 

We calculate the angle a(2, 2) of a line L passing through an edge u;v;,1 <i < 1 with the 
line before it meeting C' at the intersection of DL with the edge u;v;, where «x is the distance of 
the intersection point to uz on u1v}, see also the Fig.4. By the definition, we know the angle 
a(1,2) = f(x) and a(2,2) = fala) — (mw — faa) = file) + fala) — 7. 

Now if a(z,2) = fi(a) + fo(x) +---+ fi(z) — (¢—1)z, then similar to the case i = 2, we 
know that a(i+ 1,2) = fizi(x) — (nm — a(i,x)) = figi(x) + a(i, x) — 7. Whence, we get that 


a(t¢+1,x) = fi(x) + fo(a) +--+ + figi(a) — in. 
Notice that a line L parallel the initial parallel line after it passing through C iff a(1,x) = 7, 


i.e., 


fila) + fo(x) +--+ + fi(x) = In. 


This completes the proof. f 


§3. Linear condition and combinatorial realization for par- 
allel bundles 


For the simplicity, we can assume the function f(z) is linear and denoted it by f(a). We 
can calculate f;(2) as follows. 
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Proposition 3.1 The angle function fi(x) of a line L passing through an edge uv at the 
point with distance x to u is 


z \pluju(v) | & _ p(v)u(v) 
a FCG 2 ' d(uv) 2 ‘ 


where, d(uv) is the length of the edge uv. 


Proof. Since f;(x) is linear, we know that f;(x) satisfies the following equation. 


fila) — oped a 
eeu) eluu(u) ~ d(uv)’ 


Calculation shows that 
els mee 7 Han) 8 Or 


Corollary 3.1 Under the linear assumption, a family L of parallel lines passing through 
an edge uv is a parallel bundle iff 


Proof. According to the Proposition 2.1, a family of parallel lines passing through an edge 
uv is a parallel bundle iff for Vz, a > 0, f’(x) > 0, ie., 


p(v)u(v) — p(w)u(u) 
2d(uv) 2d(uv) 20 


Therefore, a family £ of parallel lines passing through an edge wv is a parallel bundle iff 


Whence, 


= 


For a family of parallel lines pass through a cut, we have the following condition for it 
being a parallel bundle. 

Proposition 3.2 Let (M, 1) be a planar map geometry, C = {ui1, u2v2,+:: , ui} a cut 
of the map M with order uyv1,uU2v2,--: , uy from the left to the right, | > 1. Then under 
the linear assumption, a family L of parallel lines passing through C is a parallel bundle iff the 
angle factor ps satisfies the following linear inequality system 


p(vi)u(v1) > plur)u(ur) 


p(vi)e(v1) , p(v2)H(va) 


i s Pluses), pur) u(ua) 
d(ui1) ~ 


d(ugv2) d(u11) d(ugv2) 
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pri)e(vr) _ p(va)e(ve)  , p(er)e(rr) 

d(ui1) d(u2v2) d(uv1) 
p(ui)u(ui) | p(uz) (ue) p( ur) (ur) 
d(uz, v1) 7 d(u2, v2) ee (u,v) 


Proof. Under the linear assumption, for any integer 7,7 > 1, we know that 


Ge p(vi) evi) = p(s) u(ua) 
2d(uj;v;) 
by the Proposition 3.1. Whence, according to the Proposition 2.2, we get that a family L of 
parallel lines passing through C is a parallel bundle iff the angle factor y satisfies the following 
linear inequality system 


p(vi)u(v1) = pur) u(ur) 


P(vi)e(vi) , p(va)u(ve) 5 plur)u(ur) | p(uz)u(u2) 
d(uiv1) ar d(ugv2) = 


(vi) H(v1) ce plva)u(va) , e(vi)u(vr) 


d(ui1) d(ugv2) d(uzv1) 
5 Plua)u(ur) | plua)mtu2)  , p(w) u(ui) 
~ — d(ui, v1) d(ug, v2) d(uj,v1) 
This completes the proof. 4 


For planar maps underlying a regular graph, we have the following interesting results for 
parallel bundles. 

Corollary 3.2 Let (M, 1) be a planar map geometry with M underlying a regular graph, 
C = {u1v1, ugve,--: , uw} a cut of the map M with order uyv1, Ugv2,-++ , uy from the left to 
the right, | >1. Then under the linear assumption, a family L of parallel lines passing through 
C is a parallel bundle iff the angle factor ys satisfies the following linear inequality system 


w(v1) = (ur) 


b(v1) L(v2) (ur) (ua) 
d(uiv1) a d(ugv2) d(uiv1) as d(ugv2) 


H(vr) wt) ee) en) ee) 
d(uyv1) | d(ugvg) * © d(uju,) ~ d(uyv,) ° d(ugv2) — ' d(uju) 


and particularly, if assume that all the lengths of edges in C are the same, then 
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= 
= 
IV 
= 
S 


+ pu(u2) 


= 

e 
a 
+ 
= 
S 
ee 
IV 
= 
& 

| 


w(v1) + w(v2) Fee + elt) = pw(ur) + pus) + +++ + (ui). 


Certainly, by choosing different angle factors, we can also get combinatorial conditions for 
existing parallel bundles under the linear assumption. 

Proposition 3.3 Let (M, 1) be a planar map geometry, C = {ui1, u2v2,++- ,uvi} a cut 
of the map M with order u,v1, U2v2,--+ , ur, from the left to the right, | >1. If for any integer 
1,4>1, 


p(vi) ~ (ui)? 
then under the linear assumption, a family L of parallel lines passing through C is a parallel 
bundle. 


Proof. Notice that under the linear assumption, for any integer 7,7 > 1, we know that 


fiz-(2) = 


fir(2) + fo4(a) + +++ + fi, (a) > 0. 


By the Proposition 2.2, we know that a family LD of parallel lines passing through C' is a 
parallel bundle. q 


§4. Classification of parallel bundles 


For a cut C in a planar map geometry and e € C, denote by f(x) the angle function on 
the edge e, f(C,x) = S> f(x). If f(C,x) is independent on x, then we abbreviate it to f(C). 
eC 
According to the results in the Section 2 and 3, we can classify the parallel bundles with a 
— 
given orientation O in planar map geometries into the following 15 classes, where, each class 
is labelled by a 4-tuple 0,1 code. 


Classification of parallel bundles 


(1) Ciooo: for any cut C along O, f(C) = |C|r; 
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(2) Co1o0: for any cut C along 0: f(C) < |Clr; 

(3) Coo10: for any cut C along C. f(C) > |C\r ; 

(4) Cooo1: for any cut C along Os Fi(C,a2) > 0 for Va,x> 0; 

(5) Ci10o0: There exist cuts C1,C2 along 0, such that f(Ci) = |Ci|r and f(Co) =c < 
|Ca|m; 


(6) Cio10: there exist cuts C,,Cz along 0, such that f(C ,) = |Cy|m and f(C2) > |Co\r; 

(7) C1001: there exist cuts C,,Cz along O, such that f(C1) = |Ci|m and fi (C2,x) > 0 
for Vx, x > 0; 

(8) Coiio: there exist cuts C,,C2 along 6, such that f(C1) < |Ci|m and f(C2) > |Co|z; 

(9) Co1o1: there exist cuts C,,C2 along O, such that f(C1) < |Ci|m and f!.(C2,2) > 0 
for Vx, x > 0; 

(10) Coo11: there exist cuts C,,C2 along Os such that f(C,) > |Ci|m and fi (C2,x) > 0 
for Vz, x > 0; 

(11) Ciiio: there exist cuts C1,C2 and C3 along oO, such that f(Ci) = |Ci|n, f(C2) < 
Cg\m and f(C3) > |C3|r; 
(12) Ciioi: there exist cuts C1,C2 and C3 along o, such that f(Ci) = |Ci|n, f(C2) 
Ca|r and f'.(C3,2) > 0 for Vx, x > 0; 
(13) Cio11: there exist cuts C1,C2 and C3 along Oo, such that f(Ci) = |Ci|n, f(C2) 
Ca\m and fi. (Ci,x2) > 0 for Vax,x > 0; 
(14) Cois: there exist cuts Cy,C2 and C3 along on such that f(Ci) < |Cila, f(C2) > 
Co\n and fi. (Ci,x2) > 0 for Vx,x > 0; 
(15) Cis: there exist cuts C1,C2,C3 and C4 along Oo, such that f(C,) = |Cila, f(C2) < 
Ca\n, f(C3) > |C3|m and fi (C4,2) > 0 for Vx,x2 > 0. 

Notice that only the first three classes may be parallel lines after them passing through the 


x 


Vv 


cut C. All of the other classes are only parallel bundles, not parallel lines in the usual meaning. 

Proposition 4.1 For an orientation 0, the 15 classes Cio990 ~ C1111 are all the parallel 
bundles in planar map geometries. 

Proof. Not loss of generality, we assume Cy, C2,--- ,Cm,m > 1, are all the cuts along 
Oina planar map geometry (M, 4) from the upon side of O to its down side. We find their 
structural characters for each case in the following discussion. 

Cioo0: By the Proposition 2.3, a family £ of parallel lines parallel their initial lines before 
meeting M after the passing through M. 

Co100: By the definition, a family £ of parallel lines is a parallel bundle along o only if 


F(Ci) < F(C2) S +++ S F(Cm) <7. 
Otherwise, some lines in £ will intersect. According to the Corollary 2.1, they parallel each 
other after they passing through M only if 
#(Ci) = F(C2) = +++ = f(Cm) <m. 


Cooio: Similar to the case Coi99, a family £ of parallel lines is a parallel bundle along fo) 
only if 
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and parallel each other after they passing through M only if 


m < f(C1) = f(C2) =+++ = f(Cm). 


Cooo1: Notice that by the proof of the Proposition 2.3, a line has angle f(C, x) — (|C|—1)z 
after it passing through C' with the initial line before meeting C’. In this case, a family £ of 
= 
parallel lines is a parallel bundle along O only if for Va;,2; >0,1<i<™m, 


F(Gi,91) < FCs, 8a) <>< f( Cras Pm): 


Otherwise, they will intersect. 
Ci100: In this case, a family £ of parallel lines is a parallel bundle along Oo only if there is 
an integer k,2 < k <™m, such that 


f(C1) < f(C2) S++ S f(Ce-1) << fF (Ce) = F(Crti) =++ = f(Cm) = 7. 


Otherwise, they will intersect. 
Cio10: Similar to the case C1109, in this case, a family £ of parallel lines is a parallel bundle 
— 
along O only if there is an integer k,2 < k < _m, such that 


m= f(C1) = f(C2) = ++ = F(Ce) < f(Cera) S++ S f(Cm). 


Otherwise, they will intersect. 


Ci001: In this case, a family £ of parallel lines is a parallel bundle along 0 only if there is 
an integer k,l,1<k < 1<m, such that for Va;,2; >0,1<i<korl<i<m, 


f(Cumy <= f(Cs,0a) <-> < f(Cay ze) < FlCea) 
= f(Crpe) == f(C-i)=m < f(Ci, 21) S++ < f(Cm, 2m). 


Otherwise, they will intersect. 
= 
Co110: In this case, a family £ of parallel lines is a parallel bundle along O only if there is 
integers k,1 <k < m, such that 
F(Ci) S F(C2) S +++ S F(Ce) < mw < f(Ceti) <--> < f(Cm). 


Otherwise, they will intersect. 
Co101: In this case, a family £ of parallel lines is a parallel bundle along Oo only if there is 
integers k,1 <k <m, such that for Va;,,2; >0,1<i<m, 


F(Ci, 91) < f(C2,22) +++ < f(Ce, te) < me < f(Crta, tapi) S++: < f(Cm, tm), 


and there must be a constant in f(C1,21), f(C2,@2),--- , f(Ck, vg). 
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Coo11: In this case, the situation is similar to the case Co19; and there must be a constant 


in f(Ck41,0k+1), f(Ck+2; 2k+2))°** 1 f(Cm; 2m). = 
C1110: In this case, a family £ of parallel lines is a parallel bundle along O only if there is 
an integer k,l,1<k < I< ™m, such that 


F(CGi) S F(x) SS H(Ce) < F(Ce41) 
maid oo) ec Sear CS.) eae en g(S 
Otherwise, they will intersect. 


C1101: In this case, a family £ of parallel lines is a parallel bundle along 0 only if there is 
an integer k,l,1<k < 1<m, such that for Va;,2; >0,1<i<korl<i<m, 


f(Ci, ci) = Fl(Cyws) Se < fe ey) = F(Ceaa) 
= f(Crij=m < f(Ci,a1) <--> < f(Cm, rm) 


and there must be a constant in f(C1,21), f(C2,22),--- ,f(Ck, ve). Otherwise, they will 
intersect. 

Cio11: In this case, a family £ of parallel lines is a parallel bundle along 0 only if there is 
an integer k,l,1<k < 1<m, such that for Va;,2; >0,1<i<korl<i<m, 


flCum) < fl@s,02) <->* = f(Cy ae) < flCars1) 
= = f(Cii)=7 < f(Ci, 21) < +++ < f(Cm,&m) 


and there must be a constant in f(Ci, 21), f(Ci41, @141),°++,f(Cm,¢%m). Otherwise, they 
will intersect. 

Co111: In this case, a family £ of parallel lines is a parallel bundle along 0 only if there is 
an integer k,1 <k <™m, such that for Vz,;, x; > 0, 


F(Gi ty) & f(Cx,a) Ss Sf (Chee) < @ < J(C, 0) <9 Sf (Gata) 


and there must be a constant in f(Ci,21), f(C2,x2),---,f(Ck,2~) and a constant in 
fF (Ci, 1), f(Ci41, ti41),°++ ,f(Cm,%m). Otherwise, they will intersect. 

Ci111: In this case, a family £ of parallel lines is a parallel bundle along oO only if there is 
an integer k,l,1<k < 1<m, such that for Va;,2; >0,1<i<korl<i<m, 


fCwey) =< f(Csa3) H-~< f(Cpae) = F(Ces) 
= --=f(C-ij=m < f(Ci, 21) <---< f(Cm, tm) 


and there must be a constant in f(Ci,21), f(C2,x2),--+,f(Ck,2,~) and a constant in 
f(Ci, 1), f(Ci41, t141),°++ ,f(Cm,%m). Otherwise, they will intersect. 
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Following the structural characters of the classes Cig99 ~ Ci111, by the Proposition 2.2, 2.3 
and Proposition 3.1, we know that any parallel bundle is in one of the classes Cio99 ~ C1111 and 
each class in Cyg99 ~ C1111 is non-empty. This completes the proof. 4 

A example of parallel bundle in a planar map geometry is shown in the Fig.5, in where the 
number on a vertex u denotes the number p(w) p(w). 


OIL 21 


2IL 2IL 


Fig.5 


§5. Generalization 


All the planar map geometries considered in this paper are without boundary. For planar 
map geometries with boundary, i.e., some faces are deleted ([10]), which are correspondence 
with the maps with boundary ([2]). We know that they are the Smarandache non-geometries, 
satisfying one or more of the following conditions: 

(A1~ )It is not always possible to draw a line from an arbitrary point to another arbitrary 
point. 

(A27)It is not always possible to extend by continuity a finite line to an infinite line. 

(A3~ )It is not always possible to draw a circle from an arbitrary point and of an arbitrary 
interval. 

(A4~) Not all the right angles are congruent. 

(A5~)If a line, cutting two other lines, forms the interior angles of the same side of it 
strictly less than two right angle, then not always the two lines extended towards infinite cut 


each other in the side where the angles are strictly less than two right angle. 


Notice that for an one face planar map geometry (M, )~! with boundary, if we choose all 
points being euclidean, then (M, )~+ is just the Poincaré’s model for the hyperbolic geometry. 
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Using the neutrosophic logic idea, we can also define the conception of neutrosophic surface 
as follow, comparing also with the surfaces in [8] and [14]. 

Definition 5.1 A neutrosophic surface is a Hausdorff, connected, topological space S such 
that every point v is elleptic, euclidean, or hyperbolic. 

For this kind of surface, we present the following problem for the further researching. 

Problem 5.1 To determine the behaviors of elements, such as, the line, angle, area, ---, 


in neutrosophic surfaces. 


Notice that results in this paper are just the behaviors of line bundles in a neutrosophic 
plane. 
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Abstract The main purpose of this paper is using elementary method and an analytic method to study 
the asymptotic properties of the odd sieve sequence, and give two interesting asymptotic formulae. 


Keywords Odd sieve sequence; Mean value; Asymptotic formula. 


§1. Introduction And Results 


According to reference [1], the definition of the odd sieve is: subtract 2 from all prime 
numbers and obtain a temporary sequence, and choose all odd number that do not belong to 
the temporary one. For example: 7, 13, 19, 23, 25, 31, 33, 37, 43, 47, 49, 53, 55, 61, 63, 67, 
73, 75, 79, 83, 85, 91, 93, 97,...are all belong to odd sieve sequence. Let A denote the set of 
all odd sieve. In reference [1], Professor F.Smarandache asked us to study the properties of the 
odd sieve sequence. About this problem, it seems that none had studied it, at least we have 
not seen related paper before. In this paper, we use elementary method and analytic method to 
study the asymptotic properties of odd sieve sequence, and obtain two interesting asymptotic 
formulae. That is, we shall prove the following: 


Theorem 1. For any real number x > 3, we have the asymptotic formula 


S- a=x? = = + O(a 
ere 2logx log? 
a<x 


Theorem 2. For any real number x > 3, we have the asymptotic formula 


1 
y d(a) = gt logs + Br+O («3 log? x) ; 
acA 
ax 


where B = 4C $+ 3 log 2 S156) , C is Euler constant, d(n) be the Dirichlet divisor function. 
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§2. Several Lemmas 


To complete the proof of the theorems, we need the following several simple lemmas. 


Firstly, we have 
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Lemma 1. For any real number x > 1, we have 
oe 
n<u 


Proof. (See reference [2]). 


at+l 
7 +0(2*). (a >1) 


x 
a+ 


Taking a = 0,1 in the lemma 1, we may immediately obtain the following: 
Corollary. For any real number x > 1, then we have 


n<u 
and : 
> n= 5 + O(a) 
n<ux 
Lemma 2. For any fixed real number x, let r(x) denote the number of all primes not 


exceeding x, then we have 


r £ © 
a Se ee ee 
me) log log? x (=) 


Proof. (See reference [3]). 


Lemma 3. For any real number x > 3, let p be a prime, then we have 


Se= + +0 “| 
2logxz = Alog? x log? x) 


Proof. From Lemma 2 and by Abel’s identity, we can easily deduce that 


sop = n(xje— f m(ax)dt 
pSu 7 
2 2 2 
. +2 +0 = ) 
logz log’ x log” x 
“ t * Yb 

| dt | 5, dt + O (| 5 it) 
2 logt 2 log*t 2 log’t 


a x x? 
Qloga — Alog? x : ae 


This complets the proof of Lemma 3. 


l| 


Lemma 4. For any real number x > 1, we have 


~ d(n) = clogx + (2C —-1)t+O(/2), 
n<ux 
where C' is Euler constant, and d(n) be the Dirichlet divisor function. 
Proof. This result may be immediately got from [2]. 
Lemma 5. For any real number x > 1, we have 


log2 3 
2 2 


S° d(2n) = Slog + ( 


n<ux 
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Proof. Let s = 0 + it be a complex number and h(s) = >> 427) Note that d(2n) <n‘, 


ns 


n=1 
so it is clear that h(s) is a Dirichlet series absolutely convergent for Re(s)> 1, by the Euler 
Product formula [2] and the definition of d(n) we get 


me) = [To Se 


p m=0 
m=0 ae p>2m=0 oe 
loo) fa lore) m+1 
(TL © See) (0 Ga) 
= 2¢(s). = 
d(p™) 
IT pm 
> d(2™t1)y 
gms 
= 20%)" 
d(2m 
ao 


where ¢(s) is the Riemann Zeta-function and [[ denotes the product over all primes. 
P 


From (1) and Perron’s formula [4], for b =1+.6¢,T >1 and x > 1 we have 


Lf a a xH (2x) log x 
2n) = — h(a) de 0 |_| 20 |S es |, 2 
da n) 27% [ (s) 8 oer T v ( T ) (2) 
Taking a = 5 + €, we move the integral line in (2). Then 
S7d(2n) =  Res¢?(s)(2- > 
s=1 25° s 
n<u 
1 a-—iT atiT b4iT 5 1 ae 
a ge 2— —)—d 
ant [, +f +f CN ye) s. 
a «HH (2x) log x 
O O 
T 7 T : 
where 
a—iT b+iT : 
1.2 By 
+ (7(s)(2- —)—ds K = 
[., atiT (=) ps) 8 T 


atiT vs 1 
/ ¢7(s)(2 — —)—ds « x? log? T. 
at $s 
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Hence, we have 


1 x 
a 2 aw cae 
2 dn) =  Res(%(s)(2-=)= +0|2 
b 
112 x log x 
+ O(« log T) +0 =| + O|2H(22)8 | 
1.a° x 
= 2 fy eee aa 
= Res%(s)2- 5) + 0|F 
1 log x 
Ay 2 Ite 
a O(« log T) +O|e : (3) 


Taking T = x?*€ in (3), then 


1 Ss 
S- d(2n) = Res C7(s)(2— a +O (x?-*) +O («3 log? x) 
n<ux 
1 Ss 
= Res¢*(s)(2— =) — +0 (2? log? x) , (4) 
s=1 28° § 
Now we can easily get the residue of the function ¢?(s)(2— #4) - = at second order pole point 
s=1 
12° 3 log2 3 
2 — | 
Reg (%(s)(2— 5) = Serloger + (AE = Syn (5) 
Combining (4) and (5), we immediately get 
3 log2 3 
S¢ d(2n) = xt logs | (> 5)e | O (x? log? x) . 


n<x 


This completes the proof of Lemma 5. 


Lemma 6. For anyx>0, let a be any fixed positive integer, then we have 


- 315¢(3) (p— 1? | fie 


where € is any positive integer. 


Proof. This result may be immediately got from [5]. 


§3. Proof of the Theorem 


In this section, we will complete the proof of Theorem. First, we have 


Sa = Yen-9-Ye-2 


acA n<a pcx 


2). pepe Sop + 2n(a). 


na na psx 
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From Lemma 1, Lemma 2 and Lemma 3, we have 


Yo = 2(5 +01) — (r+ O(1)) 


acA 
a<ax 


2 2 2 
( x m - | o( = ) 
2logx = dlog*x log’ a 


z z z 
ae Ce ee 6 
oer log? x (= -) 


2 2 
9 x x 


2logz Alog?« 


This completes the proof of Theorem 1. 
Now we will give the proof of Theorem 2. 


From Lemma 4, Lemma 5 and Lemma 6, we can easily obtain 


S> d(a) S > d(2n - 1) - S¢ d(p — 2) 


acA na pcx 
a<x 
= SS dn)- > dan) -S 5 d(p-2) 
n<2x na pra 
= 2wlogx+2(2C — 1+ log2)zr +O (vz) 
3 _og2 3), ae 
xt loga + ( 5 5) O(x log x) 
315¢(3) 


aa +O (x(og at) 


1 
a srloge+ Br +0 (x4 log? a), 


where B = 4C 5 | 3 log 2 =, C is Euler constant. 


This completes the proof of Theorem 2. 


References 


pny 


F. Smarandache, Only problems, Not solutions, Chicago, Xiquan Publ. House, 1993. 


i) 


Tom M.Apostol, Introduction to Analytic Number Theory, New York, Springer-Verlag, 
1976. 
3] M.Ram Murty, Problems in Analytic Number Theory, New York, 2001, 35-36. 

4) Pan Chengdong and Pan Chengbiao, Foundation of Analytic number Theory, Beijing, 
Science Press, 1997. 
5] B.M.Bredihin, Binary Additive Problems of Indeterminate Type I(Russian), Izv. Akad. 
Nauk SSSR Ser. Mat., 27(1963), 439-462. 


Scientia Magna 
Vol. 1 (2005), No. 2, 139-144 
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Abstract In this paper, we have introduced Smarandache quasigroups which are Smarandache non- 
associative structures. W.B.Kandasamy [2] has studied groupoid ring and loop ring. We have defined 


Smarandache quasigroup rings which are again non-associative structures having two binary operations. 


Substructures of quasigroup rings are also studied. 


Keywords’ Non-associative rings; Smarandache non-associative rings; Quasigroups; Smarandache 


quasigroups; Smarandache quasigroup rings. 


81. Introduction 


In the paper [2] W.B.Kandasamy has introduced a new concept of groupoid rings. This 
structure provides number of examples of SNA-rings (Smarandache non-associative rings). 
SNA-rings are non-associative structure on which are defined two binary operations one as- 
sociative and other being non-associative and addition distributes over multiplication both 
from right and left. We are introducing a new concept of quasigroup rings. These are non 
associative structures. In our view groupoid rings and quasigroup rings are the rich source of 
non-associative SNA-rings without unit since all other rings happen to be either associative or 
non-associative rings with unit. To make this paper self contained we recollect some definitions 


and results which we will use subsequently. 


§2. Preliminaries 


Definition 2.1. A groupoid 5 such that for all a,b € S there exist unique x,y € S such 
that az = b and ya = 6 is called a quasigroup. 

Thus a quasigroup does not have an identity element and it is also non-associative. 
Here is a quasigroup that is not a loop. 


ao} Bm fwlrm le 
mle le toflwle 
wlio} e}]rw]e | rw 
ov} ef} rm] oo] me | oo 
mBlowlole lwo] wz 
Blrmo}lwl sé} ola 
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We note that the definition of quasigroup Q forces it to have a property that every element of 
Q appears exactly once in every row and column of its operation table. Such a table is called 
a LATIN SQUARE. Thus, quasigroup is precisely a groupoid whose multiplication table is a 
LATIN SQUARE. 

Definition 2.2. If a quasigroup (Q, *) contains a group (G, x) properly then the quasigroup 
is said to be Smarandache quasigroup. 

Example 2.1. Let Q be a quasigroup defined by the following table: 


* ag ay ag a3 a4 


ao | Go | G1 | 43 | G4 | Ag 


ay ay ao ag a3 a4 


a2 | 43 | 44 | G1 | G2 | ao 


a3 a4 a2 ag ay a3 


G4 | a2 | 43 | G4 | Go |} a1 


Clearly, A = {ao,a;} is a group w.r.t. * which is a proper subset of Q. Therefore Q is a 
Smarandache quasigroup. 

Definition 2.3. A quasigroup Q is idempotent if every element x in Q satisfies x* x = a. 

Definition 2.4. A ring (R,+, *) is said to be a non-associative ring if (R,+) is an additive 
abelian group, (R, *) is a non-associative semigroup (i.e. binary operation * is non-associative) 
such that the distributive laws 
ax(b+c) =a*xb+axcand (a+b) *c=ax*xc+b*c for all a,b,c in R. 

Definition 2.5. Let R be a commutative ring with one. G be any group (S any semigroup 
with unit) RG (RS the semigroup ring of the semigroup S over the ring R) the group ring of the 

n 


group G over the ring R consists of finite formal sums of the form S- aigi,(n < oo) ie. 7 runs 


i=1 
over a finite number where a; € Rand gi €G (g; € S) satisfying the following conditions: 


n n 
1. > aim: = D> Bim; & 04 = Bj, for i= 1,2,--- n 
i=1 w=1 
n n n 
i=1 i=l i=1 


3. o> aim)(>_ Bim;) = So yemE, Me =m m,;, where yx = D> ai fi 
i=l i=1 i=l 
4. rym; = mir; for all r; € R and m; € G(m; € S$). 


5. r So rim = So rrimi for all r € R and So rim € RG. RG is an associative ring with 


OER acta ite addiivetdentity, Runde Teh weve ICC AC and Re =— FC RC 
where e is the identity element of G. 

If we replace the group G in the above definition by a quasigroup Q we get RQ the 
quasigroup ring which will satisfy all the five conditions 1 to 5 given in the definition. But RQ 
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will only be a non-associative ring without identy. As J € R we have Q C RQ. Thus we define 
quasigroup rings as follows: 
Definition 2.6. For any quasigroup Q the quasigroup ring RQ is the quasigroup Q over 
n 


the ring R consisting of all finite formal sums of the form S- rigi, (nm < oo) ie. ¢ runs over 


a finite number where r; € R and q; € Q satisfying denciticna 1 to 5 given in the definition of 
group rings above. 

Note that only when Q is a quasigroup with identity (ie. then Q is a Loop) that the 
quasigroup ring RQ will be a non-associative ring with unit. Here we give examples of non- 
associative quasigroup rings. 

Example 2.2. Let Z be the ring of integers and (Q,*) be the quasigroup given by the 
following table: 


* 


ol} m]lolfm]e 
wml ele toflwle 
wlio} Blrwo]e|w 
o}e |r }o lw] ow 
mBlowlale lwo] zA 
Blrmoflwl ep lola 


Clearly (Q,*) is a quasigroup and does not posses an identity element. The quasigroup ring 
ZQ is a non-associative ring without unit element. 

Example 2.3. Let R be the ring of reals and (Q,*) be the quasigroup defined by the 
following table: 


* 


el_wl rm |] rR 

Wm) el Rte 
et} Re] Tw] be 
NO} wlre |] & ] w 
Ble | w]reml] aA 


(Q,*) is an idempotent quasigroup. Again RQ is a non-associative quasigroup ring without 
unit. Note that R(1), R(2), R(3), R(4) are the subrings of RQ which are associative. 

Result: All quasigroup rings RQ of a quasigroup Q over the ring R are non-associative 
rings without unit. 

The smallest non-associative ring without unit is quasigroup ring given by the following 
example. This example was quoted by W.B.Kandasamy [2] as a groupoid ring. 

Example 2.4. Let Z = {0,1} be the prime field of characteristic 2. (Q,*) be a 
quasigroup of order 3 given by the following table: 
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* | G1 | G2 | 43 


qi | di | G2 | 93 


q2 | 93 | M1 | q2 


93 | d2 |} 93 | W1 


Z2Q is a quasigroup ring having only eight elements given by {0,q1, q2, 93,41 + G2, 42 + 
3,9 + 43,91 + G2 + Q3}. Clearly, Z2Q is a non-associative ring without unit. This happens to 


be the smallest non-associative ring without unit known to us. 


§3. SNA-Quasigroup rings 


We introduce Smarandache non-associative quasigroup rings. It is true that quasigroup 
rings are always non-associative. We write “Smarandache non-associative quasigroup ring” only 
to emphasize the fact that they are non-associative. 

Definition 3.1. Let S be a quasigroup ring. S is said to be SNA-quasigroup ring (Smaran- 
dache non-associative quasigroup ring ) if S contains a proper subset P such that P is an 
associative ring under the operations of S. 

Example 3.1. Let Z be the ring of integers and Q be a quasigroup defined by the following 
table; 


ok ao ay, ag a3 a4 


ao ao ay a3 a4 a2 


a, | G1 | Ao | Gg | a3 | a4 


a2 | 43 | G4 | G1 | a2 | ao 


a3 | G4 | G2 | Ao | G1 | a3 


G4 | a2 | 43 | G4 | ao |} a1 


Clearly, A = {ao,a1} is group and ZQ D> ZA. Thus the quasigroup ring ZQ contains an 
associative ring properly. Hence 7Q is an SNA-quasigroup ring. Note that Q is a Smarandache 
quasigroup. 

Example 3.2. Let R be the reals, (Q, *) be the quasigroup defined by the following table; 


WlnNn}yrR|o 

Nl wolre|o!]o 
WIlN])O;rRirF 
Offre]; me] wt}]r 
Flo; w]rwl] w 
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Then clearly RQ is an SNA-quasigroup ring as RQ D> R(0,1) and R(0, 1) is an associative ring. 
Theorem 3.1. Let Q be a quasigroup and R be any ring. Then the quasigroup ring RQ 
is not always an SNA-quasigroup ring. 


Proof. Since Q does not have an identity element, there is no guarantee that R is contained 
in RQ. 


Example 3.3. Let R be an arbitrary ring and Q be a quasigroup defined by the table; 


* 


Nye PR] ov] wf rR 


opr |; rm] wow] &] w 


elm) wo] ® ] or] or 


oy eT Ww] Me] re 
Ww} ol; Re] MTF |] bv 
eml_wlsofreinmnl] & 


Then clearly, RQ is not an SNA-quasigroup ring as the quasigroup ring RQ does not contain 
an associative ring. 

Theorem 3.2. Jf Q is a quasigroup with identity, then quasigroup ring RQ is SNA- 
quasigroup ring. 

Proof. Quasigroup with identity is a Loop. So, RI C RQ and R serves as the associative 
ring in RQ. Thus RQ is an SNA-quasigroup ring. 

Theorem 3.3. Let R be a ring. If Q is a Smarandache quasigroup, then quasigroup ring 
RQ is an SNA-quasigroup ring. . 

Proof. Obviously RQ is a non-associative ring. As Q is a Smarandache quasigroup Q 
contains a group G properly. So RQ D> RG and RG is an associative ring contained in RQ. 
Therefore RQ is an SNA-quasigroup ring. 


§4. Substructure of SNA-quasigroup rings 


Definition 4.1. Let R be a SNA-quasigroup ring. Let S be a non-empty subset of R. 
Then S is said to be S-quasigroup subring of R if S itself is a ring and contains a proper subset 
P such that P is an associative ring under the operation of R. 

Example 4.1. Let Z be the ring of integers. Let Q@ be the quasigroup defined by the 
following table: 
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* 


Co;  OPoslp Pe] w]rm]r 
NI} CO; oP am RI] wl wmlfyref re 
OlNII RD olwl RT| w]w 
TTD LOPN! we Re] RI] w]w 
Qlos;nflofrjiwlw] PR] sa 
BlwlrmlRe | aolrniaslaja 
Pre /wlrmil nl alaslata 
le] eR] wl]olas;n|]o}yNn 
WIM TRL Oa] o]o}]n|o 


Clearly the quasigroup ring ZQ is a non-associative ring. Consider the subset S = {1,2,3,4} 
then S is a group and hence ZS is a group ring and hence also a quasigroup ring. Let P = {1,2}. 
Note that ZS also contains ZP where P = {1,2}. So, ZS is an S-quasigroup subring of SNA- 
quasigroup ring ZQ. 

We have not yet been able to find a Smarandache non associative quasigroup subring for 
a given quasigroup ring. We think that it is not possible to obtain a subquasigroup for any 
quasigroup because for a quasigroup its composition table is a LATIN SQUARE. 

Theorem 4.1. Let R be a quasigroup ring, if R has a SNA-quasigroup subring S, then 
R itself is SNA-quasigroup ring. 

Proof. As S is an SNA-quasigroup surbring S contains an associative ring. As a result 
R contains an associtive ring. Thus R is an SNA-quasigroup ring. 
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Abstract The main purpose of this paper is to study the distributive properties of k + 1-power free 
numbers, and give two interesting asymptotic formulae. 
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81. Introduction 


A natural number n is called a k + 1-power free number if it can not be divided by any 
p*+1, where p is a prime number. One can obtain all k + 1-power free numbers by the following 
method: 

From the set of natural numbers (except 0 and 1) 

-take off all multiples of 2*++(ie. 2*+1, 2*+2, ...), 

-take off all multiples of 3*+1. 

-take off all multiples of 5*+1. 


- and so on (take off all multiples of all & + 1-power primes). 


BB 


In reference [1], Professor F. Smarandache asked us to study the properties of the k + 1- 
power free numbers sequence. Yet we still know very little about it. 


Now we define two new number-theoretic functions U(n) and V(n) as following, 


U(1)=1, U(n)=[I[p, 
p\n 


VQ)=1, Vin)=V @P)---U (wr) = (p™ —1)---( - J), 


where n is any natural number with the form n = p{'--- pr. Obviously they are both multi- 
plicative functions. In this paper, we shall use the analytic method to study the distribution 
properties of this sequence, and obtain two interesting asymptotic formulae. That is, we have 
the following two theorems: 

Theorem 1. Let A denote the set of all k + 1-power free numbers, then for any real 
number x > 1, we have the asymptotic formula 


= 372 i prk-2 i O Ste 
s = =% II + pektl 4 p2k — pek—1 — p2k—2 7 (x ) 


neA P 
n<ux 
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where € denotes any fixed positive number and II denotes the product of all the prime numbers. 
P 
Theorem 2. For any real number x > 1, we have the asymptotic formula 
2 2k+1 2k 
Mh 1 p +p** —p-1 By 
S > V(n) = 5 (: pH poets 4p pet +0(23 oe 
Pp 


neA 


n<u 


§2. Proof of Theorems 


In this section, we shall complete the proof of Theorems. First we prove Theorem 1, let 


f(s) =14+ > ae 


mr 
neEA 
n<ux 


From the Euler product formula [2] and the definition of U(n), we may have 


U(p) | U(p?) |__| ;U(p) 
roy = Tr OO OE a 
= I (2+ ! + oer t+ yer) 
: ps! p’s-l pks—l 
-TI+3 siete ) 
: pe! | p2s-1(plk-1s — p(k—2)s) 


_ <@H=)) T=] 
~~ €(2(s—1)) II (1 v (p25—1 + ps) (p@—-Ds art ’ 


where ¢(s) is the Riemann-zeta function. Obviously, we have the following two inequalities 


. U(n) 1 
U < 
olism, PS < ss 
where o > 2 is the real part of s. So by Perron formula [3] 
U 1 potir s bB(b 
- (n) = f(s +2) =as +0 (=A) 
mo 0 Qin Join 8 T 
1 
+0 («eon (20) min( “8)) £0 (<A) min(1, =) 
x 
where N is the nearest integer to 2, ||x|| = |x —.N|. Taking so = 0, b = 3, T= 22, H(x) =2, 
B(o) = 45, we have 


2 1 3+iT é(s=— 1) fra : nite 
2 ae [., Guan ee 


n<u 


where 


prk-2 —1 
ms) =] (14 55 ): 
+1 2k _ m2k—-1 _ y2k—2 
. Pp +p Pp Pp 
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To estimate the main term 


C(s 


1) 


1 pote 7 
ae (a(s—) 


+iT. This time, the function 


G(s = Ia* 
¢(2(s — 1))s 


x R(2). So we have 


we move the integral line from s =3+7T tos = 3 


f(s) = 


has a simple pole point at s = 2 with residue 5 rae) 


3417 34iT 5 347 
Qin hon +f 7 3457 


R(s) 


(s— 1)a* 


(s=1)s —-___— R(s)ds 


hn) 


= 2 


po 
1+ 
al (t+ apr 


We can easily get the estimates 
3-iT 
ole 


3+4iT 
oni = (/. “iT 


= Sp :): 


aa 
2(s—1))s 


3 


—-—_—__— R(s)ds 


3 


3 
< | ¢(o —14+ iT) 


Hl 3-iT 
201 Io s 


Note the fact that ¢(2) = 


and 


me 
6 


Co 1 sir) F 


J<[ 
0 


, then from the above we can obtain 


—2_ 4 


ax 3 
d — = 72 
ie: x 


C(1/2 + it) a 


SNES Se dt pte. 
ca) | i 


J U(n) = se 


neA P 
n<ux 


This completes the proof of Theorem 1. 
Now we come to prove Theorem 2. Let 


s)=1+ s vy) 
neA 


n<ux 


pekti +4 perk a 


=| O (22+), 


2k-1 
Pp 


n> 


From the Euler product formula [2] and the definition of V(n), we also have 


V(p) | V(p") V(p*) 
g(s) = I] (1 S 28 Tea ks 
. Pp Pp Pp 
—1 2 Roy 
= (+25 +? 2s tet? ks ) 
Fe Pp Pp Pp 


1 
¢(s—1) Il (1 pk+1)(s-I) 


(p** — 1)(p** +1) ) 


(pes = plk—1)s)p2s—1 
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Now applying Perron formula [3], and the method of proving Theorem 1, we can also obtain 
the result of Theorem 2. 
This completes the proof of Theorems. 
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co 


1 
y —, where A denotes the set of all positive integers n such that the equation S;,(n) = axz(n), and 
ns 


=1 
neA 
give an interesting identity for it. 
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81. Introduction 


For any fixed positive integer k and any positive integer n, the Smarandache ceil function 
S;,(n) is defined as follows: 


S(n) = min{m € N: n|m*}. 


This was introduced by Professor F.Smarandache. About this function, many scholar had 
studied its properties, see [1] and [2]. In [1], Ibstedt presented the following properties: 


(Va,b € N) (a,b) = 1 => S,(a- b) = S;(a) - S,(0), 


and S;(p%) = p!*!, where p is a prime and [x] denotes the smallest integer greater than 2. 


That is, S;,(n) is a multiplicative function. Therefore, if mn = p{tp$? ---p& is the prime power 


decomposition of n, then the following identity is obviously: 
a1) pan or 
Si(n) = Supe p92 ---p2r) = pl Fpl... phe, 


For any positive integer n, the Smarandache k—th power complements a,(n) is the smallest 


positive integer such that na;(n) is a complete k—th power. That is, 
a;(n) = min{l | n-1 = m*,1>0,me€ N*}. 


If n = pf'ps?--- pe” denotes the factorization n into prime powers, then from the definition of 


ax(n), we know that it is also a multiplicative function, therefore 
ax(n) = ax (py ag (po?) + ax (pr). 


Let A denotes the set of the positive integers n such that the equation 5;,(n) = ax,(n). 
That is, A= {n € N,S,(n) = ax(n)}. In this paper, we use the elementary methods to study 
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co 
1 
the properties of the infinity series y —,;, and give an interesting identity for it. That is, we 
n 


=1 
neA 
shall prove the following conclusion: 


Theorem. Let k > 2 be a given positive integer. Then for any real number s > 1, we 


have the identity: 


where ¢(s) is the Riemann zeta-function. 
Corollary 1. Taking k = 2 and s = 2 in the above theorem, then we have the identities: 


Co 


1 315 
nm Ont 


Corollary 2. Taking k = 3 and s =1 in the above theorem, then we have the identities: 


1 _ 1575 


n ne” 
n=1 


neA 


§2. Proof of the theorem 


In this section, we will complete the proof of the theorem. First, we define the arithmetical 
function b(n) as follows: 


1, if neéA, 
b(n) = f 
0, otherwise. 
Now let n = p{'ps?-:-p%s denotes the factorization n into prime powers. Then from the 
1 £2 s 


introduction of this paper we know that 5;,(n) and a,(n) both are multiplicative functions, so 
we only discuss the case of n = p’. 

Ifi=lk+n,(l>0,0<n<k), then from the definition of S;,(n) and a,(n), we can easily 
get: 

p, if n=0, 

ptt, if O<n<k. 

1, if n=0, 

or”, 4f O<n < sh. 
So Sz(p*) = az(p’), if and only ifl+1=k—n,ie. n=k-I-1, ori=lk+n=Ik+k—-Il-1l= 


(k —1)(1+1). Hence, pt = p*®-YG) where O<1<k-1. 
For any real number s > 1, it is clear that 


ye pee <a 


n=1 n=1 


neA 


ax(p*) = 
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co co 
1 1 
and ) aE is convergent if s > 1. Thus ) ne is also convergent if s > 1, so from the Euler 
n=1 n=1 
nEeA 


product formula (see [3]), we have 


5 ce pelo 7 I(: _ o(p) _ o(v?) ) 
n=1 ie n=1 ne Pp e ae 
neA 
k-1 
b(p*-)E+D) 
~ H(: » pe-i)s 
p 1=0 
k-1 1 
~ H(: seen 
p l=0 
k-1 
1 1 
- Wate hare] 
k-1)s k—-1)ls 
: ( plk-1) = plk-1) 
=> II 1 ir 1 pe — pRoT 
plk-ls —1 


where ¢(s) is the Riemann zeta-function. 


This completes the proof of Theorem. 


Note that ¢(2) = | ¢(6) = = and ¢(8) = am we may immediately deduce the 
corollaries. 
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81. Introduction 


Generally, in any human field, a Smarandache Structure on a set A means a weak structure 
W on A such that there exists a proper subset B of A which is embedded with a strong 
structure S. In [10], W.B. Vasantha Kandasamy studied the concept of Smarandache groupoids, 
subgroupoids, ideal of groupoide, semi-normal subgroupoides, Smarandache Bol groupoids and 
strong Bol groupoids and obtained many interesting results of congruences, and it was studied 
by R.Padilla [9]. In this paper, we discuss the Smarandache structure on BCC-algebras, and 
introduce the notion of Smarandache ideas, and investigate its properties. We give conditions 


for a (special) subset to be a Smarandache BCC-ideal. 


§2. Preliminaries 


BCC-algebras were introduced by Komori [7] in a connection with some problems on BCK- 
algebras in[11], and Dudek[1, 2] redefined the notion of BCC-algebras by using a dual form of 
the ordinary definition in the sense of Komori. 

An algebra (X;*,0) of type (2,0) is called a BCC-algebra if it satisfies the following con- 
ditions. 

(al)(¥2,y,2 € X) (wy) * (z*y)) *(e*2)), 

(al)(Va € X) (0x a =0), 

(al)(Va € X) (a *0=0), 

(al)(Vz,y € X) (wxy=O0, yer =0 = 2r=Yy). 

Note that every BCK-algebra is BCC-algebra, but the converse is not true. A BCC-algebra 
which is not a BCK-algebra is called a proper BCC-algebra. The smallest proper BCC-algebra 
has four elements and for every n > 4 there exists at least one proper BCC-algebra [2]. 

A nonempty subset I of a BCC-algebra X is called a BCC-ideal of X if it satisfies the 


following assertions: 
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(a5) 0O€ TF, 

(a6) (Vz,z2 € X) (Vy ED) ((aexy)xzel=sauxzel). 

Note that every BCC-algebra X satisfies the following assertions. 
(b1) (Va € X) (ax x =0), 

(b2) (Va,y € X) (w+ y <a), 


(b3) (Va,y,z € X) (waxy =susz<y*zzxy<z*2), 
where x < y if and only ifa<y=0. 


§3. Smarandache BCC-algebra 


We know that every proper BCC-algebra has at least four elements (see [2]), and that if 
X is a BCC-algebra then {0,a},a € X, is a BCC-algebra with respect to the same operation 
on X. Now let us consider a proper BCC-algebra X = {0,1,2,3,4} with the following Cayley 
table : 


* 0 1 2 3 4 
000 00 0 
11041041 
222 041 2 
3.3 3 1 0 3 
4 4 0 0 0 0 
Table 3.1 


Then {0,1}, {0,2}, {0,3}, {0,4}, {0,1,2 } and {0,1,3} are BCC-algebras with respect to the 
operation * on X, and note that X does not contain BCC-algebras of order 4. Based on this 


result, we give the following definition. 


Definition 3.1. A Smarandache BCC-algebra is defined to be a BCC-algebra algebra X 
in which there exists a proper subset Q of X such that 


(i) 0 € Q, and |Q| > 4, 
(ji) Q is a BCC-algebra with respect to the operation on X. 


Note that any proper BCC-algebra X with four elements can be Smarandache. Hence if X 
is a Smarandache BCC-algebra, then |x| > 5. Notice that the BCC-algebra X = {0,1, 2,3, 4} 
with Table 3.1 is not a Smarandache BCC-algebra. 
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Example 3.2. (1)Let X = {0,a,b,c,d,e} be a set with the following Cayley table: 


* 0 a bede 
0 00 0 0 0 0 
aa0 000 a 
b b bO0 0 aa 
c c baodaea 
ddddad0oO0a 


eeeeee QO 
Table 3.2 
Then(X;*,0) is a Smarandache BCC-algebra. Note that Q = {0,a,b,c} is a BCK-algebra 


which is contained in X. 

(2)Let {X;*,0} be a finite BCK-chain containing at least four elements and let c be its 
maximal element. Let Y = X U {d} , where d ¢ X, and define a binary operation © on Y as 
follows: 

zxy, ifa,yEeXx; 


“ 0, ifee X,y=d; 
LOy= 
d, ifx#=d,y=0; 
C, ifw=dyeXx. 


Then (Y;©,0) is a Smarandache BCC-algebra. 
(3) Let {X; *,0} be a BCC-algebra containing at least four elements in which a is the small 
atom. Let Y = X U {w} , where w ¢ X,and define a binary operation © on Y as follows: 


axy, ifz,yEeXx; 


e 0, ifye X,r7 =a; 
LOy= 

d, ifv=w=y; 

C, ifa € X/{O},y=w. 


Then (Y;©,0) is a Smarandache BCC-algebra. 

In what follows , let X and Q denote a Smarandache BCC-algebra and non-trivial BCC- 
algebra which is properly contained in X , respectively, unless otherwise specified. 

Definition 3.3. A nonempty subset I of X is called a Smarandache BCC-ideal of X related 
to Q if it satisfies: 

(cl) O€ ZT, 

(c2) (Va,z€Q) (Vy I) ((w*y)*zeT=>axzel). 

If I is a Smarandache BCC-ideal of X related to every non-trivial BCC-algebra contained 
in X, we simply say that I is a Smarandache BCC-ideal of X. 

Example 3.4. (1)Let X = {0,a,b,c,d,e} be the Smarandache BCC-algebra described 
in Example 3.2(1). Then I = {0,a} and J = {0,a,b,c,d} are Smarandache BCC-ideals of X 
related to Q = {0,a, b, c}. 
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Proposition 3.5. Every Smarandache BCC-ideals of X related to Q satisfies: 

(c3) (Vz € Q) (Vae Tl) (wxaecT= rel), 

(c4) (Va € Q) Va ET) (axxe€ I), 

(c5) (Va € Q) (Va,b € I) (w* ((a@*a) *b€ I). 

Proof. (c3) Taking z = 0 and y = a in (c2) and using (a3) induces the desired implication. 

(c4) For every « € Q and a € I, we have (axa)*x =0*x2=0€T and soaxz € I by (c2). 

(c5) Let  € Q and a,b € I. Then (x * a) * (ax x) =0 € IT, and so x * (a4 xa) € I by (c2). 
Since 

((x * b) * ((x * a) * b)) * (ax (wx a)) =OET, 


it follows from (c3) that (x * b) * (a * a) *b) € I so from (c2) that x * ((@ * a) *b) € I. 
Corollary 3.6. For every Smarandache BCC-ideal I of X related to Q, the following 
implication is valid: 
(V2 €E Q)(Va €T(a@ < a= rel). 


Corollary 3.7. Let I be a Smarandache BCC-ideal I of X related to Q . Then 
(V2 E Q)\(Va,beT(rxxa<b=srel),. 


Theorem 3.8. Let Q; and Q2 be non-trivial BCK-algebras which are properly contained in 
X such that Q; C Q2. Then every Smarandache BCC-ideal of X related to Q2 is a Smarandache 
BCC-ideal of X related to Q,. 

Proof. Straightforward. 

Corollary 3.9. If Q is the largest BCK-algebra which is properly contained in X, then 
every Smarandache BCC-ideal of X related to Q is a Smarandache BCC-ideal of X. 

The converse of Theorem 3.8 is not true in general as seen in the following example. 

Example 3.10. Consider a Smarandache BCC-algebra X = {0,1,2,3,4,5} with the 
following Cayley table: 


* 0 1 2 3 4 5 
000 0 0 0 0 
1 10000 1 
22 10001 
3.93 1210121 
44111041 
5 5 5 5 5 5 0 
Table 3.3 


Note that Q, := {0,1,2,3} and Qe := {0,1,2,3,4} are BCK-algebras. Then the set Q, isa 
Smarandache BCC-ideal of X related to Qi, but not Qo. In fact, we know that (4*2)*0 = 1€ Qi 
and 4*0 = 4Q). 

Remark 3.11. Note that every BCC-ideal of X is a Smarandache BCC-ideal of X, but 
the converse is not valid. Example 3.10 shows that there exists a BCC-algebra Q of order 
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n > 4 which is properly contained in a Smarandache BCC-algebra X such that a Smarandache 
BCC-ideal of X related to Q is not a BCC-ideal of X. 

We provide convide conditions for a subset to be a Smarandache BCC-ideal. 

Theorem 3.12. If I is a subset of Q that satisfies conditions (cl) and (c3), then I is a 
Smarandache BCC-ideal of X related to Q. 

Proof. Let z,y € Q and a € I be such that (a *a)*y € I. Sinceae€ ICQ and Qisa 
BCk-algebra, it follows that (a * y) *a = (x*a)*y € I. So from (c3) that x * y € I. Hence I 
is a Smarandache BCC-ideal of X related to Q. 

Theorem 3.13. If a nonempty subset I of X satisfies conditions (cl) and (c5), then I is 
a Smarandache BCC-ideal of X related to Q. 

Proof. Let x,y € Q and a € TI be such that (x *a)*y € I. Taking b = 0 in (c5) and using 
(a3), we have (a * x) xa € I. It follows from (a3), (a1) and (c5) that 


c*xy=(xxy)*0= (xxy) * (((x * y) * ((x@ xa) *y)) * (w@* (wx a))) ET. 


Thus I is a Smarandache BCC-ideal of X related to Q. 

Theorem 3.14. Let H be a BCC-subalgebra of X. Then H is a Smarandache BCC-ideal 
of X related to Q if and only if it satisfies: 

(Va € H)(Vy,z€ Q)((y*x2)*z€H = y*z€ A). 

Proof. Straightforward. 

Given an element w € X\{0}, consider the set 


(0,w] :-= {a € X||a < uw}. 


which is called the initial segment of w[5]. Obviously, 0 € [0,w] for all a € w. Since x < w is 

equivalent to zw = 0, the initial segment of w is defacto the left annihilator of w. In general, 

[(0,w] is not a Smarandache BCC-ideal of X, but it is a subalgebra. For example, let X be 

the Smarandache BCC-algebra in example 3.2(1). Then [0,e] = {0,e} is not a Smarandache 

BCC-ideal of X related to Q = {0,a, b,c} since (b « e) xd = 0 € [0,e], but b * d = a0, e]. 
Theorem 3.15. For every c € X\{0}, if the inequality 


(Va € Q)(w* ((w@¥e) *c) Se 


holds, then [0,c] is a Smarandache BCC-ideal of X related to Q. 
Proof. Let z € Q. If b € [0,c], then b < c and hence (a * c) * c < (a * c) * b by (63). It 
follows from (63) and assumption that 


x x* ((a*c)*b) < ax ((a*c)*C) <e. 
Now if a € [0,c], then x *c < x *a, and so 
xx ((a* a) *b) < ax ((a*c) *b) <e. 


This shows that x * ((x * a) * b) € [0,c]. Applying Theorem 3.13, we conclude that [0,c] is a 
Smarandache BCC-ideal of X related to Q. 
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Theorem 3.16. The initial segment [0,c], where c € X/{0}, is a Smarandache BCC-ideal 
of X related to Q if and only if the implication 


(Vz,y € Q\((xec0) xy < c= r*«zeEl) 


is valid. 

Proof. Let Vz,y € Q and a € [0,c] be such that (a * a) *« y € [0,c]. Then a < ¢ and 
(a*a)*y <c. The inequality z < c implies that (a *c) *y < (a * a) *y < cso from hypothesis 
that x * y <c, that is, x * y € [0,c] is a Smarandache BCC-ideal of X related to Q. Conversely 
assume that [0,c],c € X\{0}, is a Smarandache BCC-ideal of X related to Q and let Va,y € Q 
be such that (aw *c) *y <c. Then (a * c) x y € [0,c]. Since [0,c] is a Smarandache BCC-ideal 
of X related to Q and c € [0,c], it follows from (c2) that x * y € [0,c] so that xx y <c. This 
completes the proof. 

Corollary 3.17. If [0,c],c € X/{0}, is a Smarandache BCC-ideal of X related to Q, then 


(Ve,y € Q)((x*c)< c= aK<o). 
Theorem 3.18. For every c € X/{0}, if the equality 
(Vay € Q)(((a *c) *y) *e= (wy) ¥C) 


is valid, then [0,c] is a Smarandache BCC-ideal of X related to Q. 
Proof. Let Vx,y € Q and a € [0,c] be such that (a * a) * y € [0,c]. Then a < c and 
(axa) *y <c. It follows that 


(cvxy)*c= ((x3*c) *y) *CK< ((2@* a) xy) *kC<CKC=), 
so that (x * y)*c=0,ie., xy <c. Hence x x y € [0,c] and therefore [0,c] is a Smarandache 
BCC-ideal of X related to Q. 
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81. Introduction 


For any positive integer n, the Smarandache factorial complements quotients of n, denoted 


by a(n), is defined as follows 
o(n) = min{k|nk = ml, k > 0,m € N*}. 


In problem 45 of reference [1], professor F.Smarandache asked us to study the properties of 
the factorial complements. Analogously, we can define the Smarandache additive factorial 
complements a(n): 

a(n) =min{kln+k=m!l,k >0,me NT}. 


About arithmetical properties of the this sequence, it seems that none had studied it before. In 
this paper, we use the elementary method to study the mean value properties of the Smaran- 
dache additive factorial complements, and obtain an interesting asymptotic formula for it. That 
is, we shall prove the following: 


Theorem. For any real number x > 1, we have the asymptotic formula 


1 In? x In? z@lnInIng 
Cag Ste | 
a(n) +1 2InIng (InIn a)? 


§2. Proof of the theorem 


In this section, we will complete the proof of the theorem. For any real number z, let 
positive integer m satisfy 
Mi <a<(M+1)!. (1) 
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Taking the logistic computation on both sides of the inequality, we get 
M M+1 
Soni <Inz< pe Ini. 
i=l i=1 
And then using the Euler’s summation formula we have 
M 
S > ni= MM -M+O(nM) (2) 
i=1 
and 
M+1 
S° ni=MInM-M+O(nM). (3) 
i=1 
Combining (2) and (3), we can easily deduce that 
Inge =MInM-M+O(InM),. 
So we get 
Ina 
“jesus 
Similarly, taking logistic computation on both sides we have 
InM =InInzg+ O(nlnM) (4) 
oe l IngzlInIn1 
nz nzlnining 
M= 5 
Inne ( (In In a)? ) io 


According to the definition of a(n) and (1), we can write 


1 1 1 
Sears — Ds oD , a(n) +1 w S (n) +n 


a 
nix <m<M—-1 \m!<n<(m+1) M!<n<ax 
mem! i 1 
= y y =- ) = 
7 
<m<M-1 i=l n<e—MI41 
1 
- ) In(m-m!)+y—-1+0O 
m-m! 
<m<M-1 


)) + O(In(M + M!)), 


where 7¥ is the Euler’s constant. Now combining the Stirling Formula (see reference [2]), we can 


get 
S—— = YS mm+ YS inmt 
a(n) +1 
n<u l<m<M-1 1<m<M-1 
- S- mln(m + 1) — S- 
1<m<M-1 1<m<M-1 


Applying Abel’s identity (see reference [3]), we have 


1 1 


ce a(n)+1 2 


O(M In M) 


m+O(M1nM). 


= =M?7lnM — ou? +O(MinM). 
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So from (4) and (5), we obtain 


= 1 _ In? « -O In? ¢InInIne 
a(n) +1 2InIna © (InIn a)? 


n<ux 


This completes the proof of Theorem. 
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1. Let f: N* — N bea given arithmetic function and A C N a given set. The arithmetic 


function 


FA(n) =min{k Ee A:n| f(k)} (1) 


has been introduced in [4] and [5]. 
For A = N, f(k) = k! one obtains the Smarandache function; For A = N*,A = p = 
{2,3,5,-} = set of all primes, one obtains a function 


P(n) =min{k € P:n| ki} (2) 


For the properties of this function, see [4] and [5]. The “dual” function of (1) has been 
defined by 


G4(n) = max{k € A: g(k) | n}, (3) 


where g : N* —> N is a given function, and A € N is a given set. Particularly, ford = 
N*,g(k) = k!, one obtains the dual of the Smarandache function, 


S.(n) = max{k >1:k!| n} (4) 


For the properties of this function, see [4] and [5]. F.Luca [3], K.Atanassov [1] and L.le [2] 
have proved in the affirmative a conjecture of the author. 
For A = N* and f(k) = g(k) = y(k) in (1), resp.(3) one obtains the Euler minimum, resp. 
maximum-function, defined by 


E(n) =min{k >1:n| v(k)}, (5) 
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E.,(n) = max{k > 1: y(k) | n} (6) 


For the properties of these function, see [6]. When A = N*, f(k) = 
of k, one obtains the divisor minimum function (see [4], [5] and [7]) 


d(k) =number of divisors 
D(n) = min{k >1:n| d(k)}. (7) 
It is interesting to note that the divisor maximum function (i.e., the “ dual” of D(n)) given by 


D,(n) = max{k > 1: d(k) | n} (8) 


is not well defined! Indeed, for any prime p one has d(p"~') =n | n and p"~! is unbounded as 
p — oo. For a finite set A, however DA(n) does exist. On one hand, it has been shown in [4] 
and [5] that 


So (n) =min{k > 1:n| o(k)} (9) 


(denoted there by F’,(n)) is well defined. (Here o(k) denotes the sum of all divisors of k). The 


dual of the sum-of-divisors minimum function is 


S > «(n) = max(k > 1: o(k) | n}) (10) 


Since o(1) = 1 | n and o(k) > k, clearly }>.(n) <n, so this function is well defined (see [8]). 
2. The Smarandache minimum function will be defined for A = N*, f(k) = S(k) in (1). 
Let us denote this function by Syin : 


Smin(n) = min{k >1:n| S(k)} (11) 
Let us assume that S(1) = 1, i. e., S(m) is defined by (1) for A= N*, f(k) =k!: 
S(n) =min{k >1:n| kl} (12) 


Otherwise (i-e.;when S(1) = 0) by n | 0 for all n, by (11) for one gets the trivial function 
Smin(n) = 0. By this assumption, however, one obtains a very interesting (and difficult) 
function 8:7 given by (11). Since n | S(n!) =n, this function is correctly defined. 

The Smarandache maximum function will be defined as the dual of Sypjn : 


Smax(m) = max(k > 1: S(k) | n}. (13) 


We prove that this is well defined. Indeed, for a fixed n, there are a finite number of 


divisors of n, let i | n be one of them. The equation 
S(k) =% (14) 


is well-known to have a number of d(i!) — d((¢ — 1)!) solutions, i. e., in a finite number. This 
implies that for a given n there are at most finitely many k with S(k) | k, so the maximum in 
(13) is attained. 
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Clearly Simin (1) = 1, Smin(2) = 2, Smin(3) = 3, Smin(4) = 4, Sinin(5) = 5, Smin(6) _ 
9, Smin(7) = 7, Smin(8) = 32, Smin(9) = 27, Smin(10) = 25, Smin(11) = 11, etc, which can be 
determined from a table of Smarandache numbers: 


n |1/;2)/3]/4/5/6)]7}]8/9) 10] 11} 12 | 13 
Sim) }1/2])/3/)4)/5)/3)/7)4])/6] 5} 11) 4 | 13 


n 14 | 15 | 16 | 17 |] 18) 19 | 20 | 21 | 22 | 23 | 24 | 25 


We first prove that: 
Theorem 1. Syin(n) > 7 for all n > 1, with equality only for 


n= 1,4, p(p = prime) (15) 


Proof. Let n | S(k). If we would have k < n, then since S(k) < k < n we should get 
S(k) <n, in contradiction with n | S(k). Thus k > n, and taking minimum, the inequality 
follows. There is equality for n = 1 and n = 4. Let now n > 4. If n = p =prime, then 
p| S(p) =p, but for k < p,pt S(k). Indeed, by S(k) < k < p this is impossible. Reciprocally, if 
mintk >1:n|S(k)} =n, then n | S(n), and by S(n) < n this is possible only when S(n) = n, 
i. e., when n = 1,4, p(p = prime). 

Theorem 2. Foralln>1, 


Simin(r) <n! < Smax(n) (16) 


Proof. Since S(n!)=n, definition (11) gives the left side of (16), while definition (13) 
gives the right side inequality. 
: 1 2, ae : : 1 ; 
Corollary. The series S- ———— is divergent, while the series 3 ———~ is convergent. 


n>1 Smin(7) id Smax() 
1 1 
Proof. Since y ers < .y =" 1 by (16), this series is convergent. On the 
n>1 ania n>1 ~ 


other hand, 


1 1 1 
os Smin(7) < ye Smin(p) ~ pe Dp = ie 


n>1 P 
so the first series is divergent. 
Theorem 3. For all primes p one has 


Simax(P) = p! (17) 


Proof. Let S(k) |p. Then S(k) = 1 or S(k) = p. We prove that if S(k) = p, then k < pl. 
Indeed, this follows from the definition (12), since S(k) = min{m > 1: k | m!} = p implies 
k | p!, sok < p!. Therefore the greatest value of k is k = p!, when S(k) = p | p. This proves 
relation (17). 

Theorem 4. For all primes p, 


Simin (2p) < p < Smax(2p) (18) 
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and more generally; for all m < p, 
Smin(™mp) ‘s p™ < Siac (1D) (19) 


Proof. (19) follows by the known relation S(p™) = mp if m < p and the definition (11), 
(13). Particularly, for m = 2, (19) reduces to (18). For m = p, (19) gives 


Smin(p”) < pe < Smax(D) (20) 


This case when m is also an arbitrary prime is given in. 


Theorem 5. For all odd primes p and q,p < q one has 


Smin (pq) < q? < pt < Sra PO) (21) 


(21) holds also when p = 2 and q > 5. 

Proof. Since S(q?) = pq and S(p?) = qp for primes p and gq, the extreme inequalities 
of (21) follow from the definition (11) and (13). For the inequality q? <p? remark that this is 
equivalent to f(p) > f(g), where f(x) = “*(z > 3). 


Since f’(x) = tage = 0 &# =e immediately follows that f is strictly decreasing for 


x >e=2.71- From the graph of this function, since m2 = m4 we get that 
In2 = In3 
— < =, 
but 
In2_ Ing 
2 q 


for g >5. Therefore (21) holds when p = 2 and q > 5. Indeed, f(q) < f(5) < f(4) = f(2). 


Remark. For all primes p,q 
Smin(pq) < min{p*, q?} (22) 
and 
Sinax(pq) 2 max{p", q?}. (23) 


For p = q this implies relation (21). 
Proof. Since S(g?) = S(p%) = pq, one has 


Simin (Pq) < ev, Smin (pq) S q’, Smax(pq) < i Smax (pq) < q? 
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Abstract Charles Ashbacher [1] has posed a number of questions relating to the pseudo-smarandache 
function Z(n). In this note we show that the ratio of consecutive values Z(n+1)/Z(n) and Z(n—1)/Z(n) 
are unbounded; that Z(2n)/Z(n) is unbounded; that n/Z(n) takes every integer value infinitely often; 


and that the }>,, 1/Z(n)° is convergent for any a > 1. 


81. Introduction 


We defined the m-th triangular number T(m) = no Kashihara [2] has defined the 
pseudo-Smarandache function Z(n) by 


Z(n) = min{m : n|T(m)}. 


Charles Ashbacher [1] has posed a number of questions relating to pseudo-Smarandache function 
Z(n). In this note, we show that the ratio of consecutive values Z(n)/Z(n—1) and Z(n)/Z(n+1) 
are unbounded; that Z7(2n)/Z(n) is unbounded; and that n/Z(n) takes every integer value 
infinitely often. He notes that the series) ~,, 1/Z(n)° is divergent for a = 1 and asks whether it 
is convergent for a = 2. He further suggests that the least value a for which the series converges 
“may never be known” . We resolve this problem by showing that the series converges for all 
a>. 


§2. Some Properties of t he Pseudo-Smarandache Function 


We record some elementary properties of the funtion Z. 

Lemma 1.(1) Ifn > T(m), then Z(n) > m, Z(T(m)) =m. 

(2)For all n we have \/n < Z(n). 

(3)Z(n) < 2n — 1, and if n is odd, then Z(n) <n—1. 

(4)If p is an odd prime dividing n, then Z(n) > p—1. 

(5)Z(2*) = 241-1, 

(6)If p is an odd prime, then Z(p*) = p* —1 and Z(2p*) = p* —1 or p® according as p* = 1 
or 3 mod 4. 

We shall make use of Dirichlet’s Theorem on primes in arithmetic progression in the fol- 


lowing form. 
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Lemma 2. Let a,b be coprime integers. Then the arithmetic progression a + bt is prime 
for infinitely many values of t. 


§3. Successive Values of the Pseudo-Smarandache Function 


Using the properties (3) and (5), Ashbacher observed that |Z(2") — Z(2* —1)| > 2* and so 
the difference between the consecutive of Z is unbounded. He asks about the ratio of consecutive 
values. 

Theorem 1. For any given L > 0 there are infinitely many values of n such that Z(n + 
1)/Z(n) > L, and there are infinitely many values of such that Z(n —1)/Z(n) > L. 

Proof. Choose k = 3 mod 4, so that T(k) is even and (k+1)|(m-+1). There are satisfied 
ifm = k mod k(k + 1), that is , m = k+ k(k+4+ 1)t for some t. We have m(m+1) = 
k(1+ (k+1)t)(k + 1)(1 + kt), so that ifn = k(k + 1)(k + 1)(1 4 kt)/2, we have n|T(m). 
Now consider n + 1 = T(k) +1+kT(k)t. We have k|T(k), so T(k) +1 is coprime to both k 
and T(k). Thus the arithmetic progression T(k) + 1+ kT(k)t has initial term coprime to its 
increment and by Dirichlet’s Theorem contains infinitely many primes. We find that there are 
infinitely many values of t for which n+ 1 is prime and so Z(n) < m = k+k(k+4+1)t and 
Z(n+1) =n=T(k)(14+ kt). Hence 

Z(nt+1)_ n _ Tk) +kT(k)t _ k 


= = . 
Z(n) —~m k+2T(Kt 3 


A similar argument holds if we consider the arithmetic progression T(k) —1+kT(k)t. We then 


find infinitely many values of t for which n — 1 is prime and 


Z(n —1) 5 m2 T(k) -2+kT(k)t _ k 


Zin) ~ m  k+oT(kt 4 


The Theorem follows by taking k > 4L. 
We note that this Theorem, combined with Lemma 1(2) , given another proof of the result 


that the differences of consecutive values is unbounded. 


§4. Divisibility of the Pseudo-Smarandache Function 


Theorem 2. For any integer k > 2 , the equation n/Z(n) = k has infinitely many solutions 


Proof. Fix an integer k > 2. Let p be a prime = —1 mod2k and put p+ 1 = 2kt. Put 
n = T(p)/t = p(p+1)/2t = pk. Then n|T(p) so that Z(n) <p. We have pin, so Z(n) > p—1; 
That is, Z(n) must be either p or p— 1. Suppose, if possible, that it is the latter. In this case 
we have 2n|p(p+ 1) and 2n|(p—1)p, so 2n divides p(p+ 1) —(p—1) = 2p; but this is impossible 
since k > 1 and so n > p. We conclude that Z(n) = p and n/Z(n) = k as required. Further, 
for any given value of k there are infinitely many prime values of p satisfying the congruence 


condition and infinitely many values of n = Y(p) such that Z7/Z(n) = k. 
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§5. Another Divisibility Question 


Theorem 3. The ratio Z(2n)/Z(n) is not bounded above. 

Proof. Fix an integer k, let p = —1mod 2" be prime and put n = T(p). Then Z(n) = p. 
Consider Z(2n) =m. We have 2*p|p(p+ 1) = 2n and this divides m(m+1)/2. We have m = € 
mod p and m= 6 mod 2+! where each of €,6 can be either 0 or —1. 

Let m = pt +e. Then m = e—t=6 mod 2". This implies that either t = 1 or t > 2* — 1. 
Now if t = 1 then m < p and T(m) < T(p) = n, which is impossible since 2n < T(m). Hence 
t>2* —1. Since Z(2n)/Z(n) = m/p > t/2, we see that the ratio Z(2n)/Z(n) can be made as 
large as desired. 


86. Convergence of A Series 


Ashbacher observes that the series 57, 1/Z(n)° diverges for a = 1 and asks whether it 
converges for a= 2. 


Lemma 3. a 
logn < S- 1/Z(n)* < 1+ logn; 
m=1 
| og n)? — 0.257 < s Sem 2 isan? aad 
= n)* —0. = n L 
2 ° 7 m=1 ~ 2 ° 
for n> 4. 
Proof. For the first part, we have 4 < 1 < —1- for t € [m — 1, m]. Integrating, 
a tee 
m~ Jm1t ~ m-t1 
Summing, 
“1 we “1 
ie dt < ee 
wasf sve 
2 2 
That is , 
n 1 
S- — <1l+logn 
m 
1 
and 


The result follows. 
For the second part, we similarly have logm/m < logt/t < log(m — 1)/(m — 1), for 
t € [m—1,m] when m > 4, since log x/x is monotonic decreasing for x > e. 


Integrating, 


vem < [" logt moi 
m 


m m-1 
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Summing, 


re 3 +t ru 
That is, 


ps log2  log3 
om 2 3 


< 


1 1 
< 5(logn)? — 5 (log 3)? 


“.logm logn  log2 
<2 m n 20 


We approximate the numerical values 


log2 log3 1 
SS ! “ 5 (log 3)? < 0.110 
and a ee 
< — 5 (log 3)? > -0.257 


to obtain the result. 
Lemma 4. Let d(m) be the function which counts the divisors of m. For n > 2 we have 


S- d(m)/m < 7(logn)?. 


Proof. We verify the assertion numerically for n < 6. Now assume that n > 8 > e?, we 


have 
“ d(m) _ ss 1 1 
m=1 m m=1de=m uy d<nde<n de 
1 1 1 
=F FS YF + oaln/a) 


d<n e<n/d d<n 


< (1+ logn)? — =(log n)? + 0.257 


1 
2 


1 
= 1.2574 2logn+ 5 (log ny? 


es 
i) 
+ 
i) 
dl 
ec) 
— 
Ee 


1 
=) + 5 (log n)? 
< 2(logn)? 
Lemma 5. Fix an integer t > 5. Let eb > Y > e-)/?, The number of integers n with 
e-!>n> e! such that Z(n) < Y is at most 196Y??. 


Proof. Consider such an n with m = Z(n) < Y. Now n|m(m +1), say king = m and 
kong = m+ 1, with n = nino. Thus k = kiko = m(m-+41)/n and kin; < Y. The value 
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of k is bounded below by 2 and above by m(m-+1)/n < 2Y?/e'"! = K, say. Given a pair 
(ki, k2), the possible values of n1 are bounded above by Y/k, and must satisfy the congruence 
condition kyn, + 1 = 0 modulo ko: there are therefore at most Y/k,k2 + 1 such values. Since 
Y/k > Y/K = e'!/2Y > 1/2e, we have Y/k +1 < (2e+1)Y/k < 7Y/k. Given values for 
ky, kg and n,, the value of nz is fixed as ng = (kyny + 1)/ko. There are thus at most 5° d(k) 
possible pairs (k,,k2) and hence at most 5> 7Y d(k)/k possible quadruples (k1, k2,n1,n2). We 
have K > 2, so that the previous Lemma applies and we can deduce that the number of values 
of n satisfying the given conditions is most 49Y(logK)?. Now K = 2Y?/e! < 2e't! so 
log K <t+1+log2 < 2t. This establishes the claimed upper bound of 196Y??. 

Theorem 4. Fix 4 < 8 <1and integer t > 5. The number of integers n with e! <n < 
e', such that Z(n) < n* is at most 196t?e*. 

Proof. We apply the previous result with Y = e®’. The conditions of 3 ensure that the 
previous Lemma is applicable and the upper bound on the number of such n is 196t?e% as 
claimed. 


Theorem 5. The series 


> 1 
ere 
is convergent for any a > V2. 

Proof. We note that if a > 2 then fraclZ(n)* < = and the series is convergent . So we 
may assume/2 <a <2. Fix 6 with 4 <6 < ¢. We have $< p< 4/$< a 

We split the positive integers n > e4 into two classes A and B. We let class A be the 
union of the A; where, for postive integer t > 5 we put into class A; those integers n such that 
el <n < et for integer t and Z(n) < n®. All values of n with Z(n) > n° we put into class 
B. We consider the sum of Fae over each of the two classes. Since all terms are positive, it is 
sufficient to prove that each series separately is convergent. 

Firstly we observe that for n € B, we have Zaye < 5 and since af > 1 the series 
summed over the class B is convergent. 

Consider the elements n of A; : so for such n we have e'~! <n < e! and Z(n) < n°. By 
the previous result, the number of values of n satisfying these conditions is at most 196t?e%*. 
For n € A;, we have Z(n) > /n, so 1/Z(n)* < 1/n*/? < 1/e*!-/?, Hence the sum of the 
subseries S>n € At znye is at most 196t?e%/2e(8—/2)#, Since 8 < a/2 for a> V2, the sum 
over all ¢ of these terms is finite. 


We conclude that)? z7,yz is convergent for any a > V2. 


Theorem 6. The series 


Yaz 
n=1 Z(n)° 
is convergent for any a > 1. 

proof. We fix 69 =1>6,>-:->6,= 4 with 6; < a@;41 for 0 <7 <r—1. We defined 
a partition of the integers e’! < n < e¢ into classes B; and C;(j), 1 < 7 < r—1. Into B; place 
those n with Z(n) > n%. Into C;(j) place those n with n9i+1 < Z(n) < ni. Since 8, = 5 we 
see that every n with e'! < n < et is placed into one of the classes. 
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The number of elements in C;(j) is at most 196t?e%)' and so 


ds —_ & 196120%teBiAt-1) = 1961208 1% (Bs ABs) 
) 2(n)* 
neCe(j) 


For each j we have 8; < a@(3;+41 so each sum over t converges. 
The sum over the union of the B; is bounded above by 
1 
2 nor’ 
n 


which is convergent since a3, > Bo = 1. 
We conclude that 07"; zqyz is convergent. 
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Abstract For any positive integer n, let #(n) be the Euler function, and S(n) denotes the Smarandache 


function. The main purpose of this paper is using the elementary methods to study the number of the 


solutions of the equation ¢(n) = S(n*), where k is any fixed positive integer, and give all solutions for 


this equation. 
Keywords Euler function; Smarandache function; Equation; Solutions. 


81. Introduction 


For any positive integer n, let S(n) denotes the Smarandache function, S$(n) is defined as 
the smallest positive integer m such that n|m!. From the definition one can easily deduce that 
ifn = pi'pS?---pp* is the factorization of n into prime powers, then S(n) = max{S(p%")}, 
where the maximum is taken over the i’s from 1 to k. Let ¢(n) denotes the Euler function. 
That is, d(m) denotes the number of all positive integers not exceeding n which are relatively 
prime to n. It is clear that ¢(n) is a multiplicative function. 

In this paper, we shall study the number of the solutions of the equation ¢(n) = S(n*), 
where & is any fixed positive integer. About this problem, it is easy to get that n = 1 bea 
solution of the equation, but now we don’t know whether it have finite solutions or not. Here, we 
shall use the elementary methods to solve this problem, and give all solutions for this equation 
for any fixed positive integer k. That is, we shall prove the following conclusions: 

Theorem 1. The equation ¢(n) = S(n”) have three solutions, namely n = 1, 24, 50. 

Theorem 2. The equation $(n) = S(n?) have three solutions, namely n = 1, 48, 98. 

Theorem 3. The equation ¢(n) = S(n*) has one solution, namely n = 1. 

Note. Using the similarly method, we can also deduce that the equation $(n) = S(n*) 


have the finite solutions, where k be any fixed positive integer. 


§2. Proof of the theorem 


In this section, we will complete the proof of the theorem. First, we need one simple lemma 
which is necessary in the proof of Theorems. 
Lemma _ [fp is prime, then S(p") < kp. If k < p, then S(p*) = kp, where k be any fixed 


positive integer. 
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Proof. ( See reference [2] ). 
Now we shall complete the proofs of Theorems. 
The proof of Theorem 1. Let n = pi pS? --- py", then from the definitions of S(n) 
and $(n) we have 
S(n?) = max{S(p;*)} = 5(p"*), 


where p be prime, and 
p(n) = p**(p — 1) (nr), 


where (n1,p) = 1. That is, the largest common factor n, and p is 1. 

It is clear that n = 1 is a solution of the equation ¢(n) = S(n?). If n > 1 then we will 
discuss the problem in the following cases: 

(i)  Leta=1. 

If p = 2, then $(27) = 4, o(n) = (2—1)¢(n,), from S(n?) = S(2?) = 6(n) = (ny), we get 
$(n1) = 4, so ny = 5, then n = 2? x 5. But now 9(2+-57) = 10 4 (2? x 5), hence the equation 
has no solution in this case. 

If p > 3, then from Lemma we have S(p”) = 2p, 6(n) = (p —1)¢(n1), note that pt (p — 
1)¢(n1), hence the equation has no solution in this case. 

(ii) Let a = 2. 

If p = 2, then S$(24) =6= 

If p = 3, then $(3*) = 9 =3 x 2¢(nz), no solution. 

If p= 5, then $(5*) = 20 = 5 x 4¢(nj), so ni = 2, hence n = 5? x 2 is a solution. 

If p > 7, then S(p*) = 4p = as — 1)¢(n,), note that p—1 > 4, hence no solution. 

(iii) Let a = 3. 

If p = 2, then $(2°) = 8 = 44(n1), so ny = 3, hence n = 2° x 3 is a solution. 

If p = 3, then $(3°) = 15 = 3? x 24(n1), no solution. 

If p=5, then $(5°) = 25 = 5? x 4¢(n1), no solution. 

)=4 
) = 6p 


2¢(n1), no solution. 


If p = 7, then $(7® 2= 7? x 6¢(n,), no solution. 

If p > 7, then S(p® = p(p — 1) (nz), note that p — 1 > 6, no solution. 

(iv) Let a= 4. 

If p = 2, then $(2°) = 10 = 8¢(n1), no solution. 

If p > 3, from Lemma we have S(p?“) < 2pa, note that ¢(n) = p*~!(p — 1)¢(n1) and 
p*—! > 2pa, no solution. 

(v) Let a=5. 

If p = 2, then $(2'°) = 12 = 24(n1), no solution. 

If p > 3, from Lemma we have S(p?“) < 2pa, note that $(n) = p°~!(p — 1)¢(m1) and 
p*—! > 2pa, no solution. 

(vi) Let a > 6. 

If p > 2, from Lemma we have $(p?“) < 2pa, note that ¢(n) = p®~1(p — 1)¢(n1) and 
p*—! > 2pa, no solution. 

Combining (i) to (vi), we may immediately get that the equation ¢(n) = $(n”) have three 
solutions, namely n = 1, 24, 50. This completes the proof of Theorem 1. 

Similarly, using the same methods we can also deduce the results of Theorem 2 and The- 
orem 3. This complete the proofs of Theorems. 
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For the general positive integer k, from the methods of proving our Theorems we can get 
that the equation ¢(n) = $(n*) have finite solutions. 
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Abstract In [1] Recursive Prime Numbers were studied and shown to be finite. This article deals 
with the same ’recursive” topic, but applies the method to numbers whose Smarandache value, S(n), 
gives a palindromic number. Here, S(n) denotes the Smarandache function of least m such that n 
divides m!, and a palindrome is an integer that reads the same forwards and backwards (23432, for 
example). This sequence of recursive palindromic Smarandache values is shown to be finite with 1514384 


being the last term. 


Recursive palindromic Smarandache values (RPSV) are integers n > 0, such that Sn) 
gives a palindromic value, and repeatedly deleting the rightmost digits of n and taking S(n) 
at each step also gives a palindromic value until only a single digit remains. (Note that the 


numbers are not permitted to have zeroes.) Example: 


n S(n) 
94649 1514384 
373 151438 
797 15143 
1514 757 

151 151 

15 5 

1 1 


The same algorithm outlined in [1] was used to generate all RPSV sets beginning with each 
digit 1 through 9. To summarize the basic algorithm, two arrays are defined: A, contains only 
the initial digit, then Ag is filled with any integers that give palindromic Smarandache values 
after multiplying the integers in A; by 10 and adding y, with 1 < y < 9. Aj is then updated 
with the Ag values. This process is repeated until no solutions are found and thus A is empty. 
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This is enough to prove that the sequence is finite. And using this algorithm, RPSVs were 
found to be finite with 1514384 being the last term. 

As in [1], genetic trees can be constructed from each digit for visualization and comparison 
purposes. Below, only the genetic tree for the digit 5 is produced. It is left to readers so inclined 
to construct the other trees. (However, the full sequence of RPSV numbers is given at the end 
of this article.) 

Tree of recursive palindromic Smarandache values with starting digit 5: 


5 

54 55 56 
543 567 

5436 

54362 54365 

543654 


To show that the numbers in the genetic tree above are recursively palindromic when S(n) 


is applied, let us demonstrate with 54365: 


n S(n) 
54365 131 
5436 151 
543 181 
54 9 

5 5 


Unsolved Questions: What is the sequence of RPSVs when the leftmost digits are 
repeatedly deleted? Is the sequence finite? 

Full Sequence of RPSVs: 1, 2, 3, 4, 5, 6, 7, 8, 9, 11, 12, 14, 15, 16, 18, 21, 22, 24, 27, 
28, 32, 33, 35, 36, 42, 44, 45, 48, 54, 55, 56, 63, 64, 66, 72, 77, 81, 84, 88, 96, 99, 112, 121, 
126, 128, 144, 151, 154, 162, 165, 168, 181, 189, 216, 224, 242, 275, 288, 324, 336, 352, 353, 
362, 363, 448, 453, 484, 543, 567, 648, 724, 726, 727, 847, 968, 1212, 1267, 1441, 1448, 1512, 
1514, 1515, 1629, 1812, 1815, 1818, 2424, 2751, 2757, 2882, 3247, 3535, 3537, 3624, 3629, 3635, 
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3636, 4536, 4847, 4848, 4849, 5436, 7248, 7272, 7277, 8472, 12127, 12672, 15125, 15143, 18154, 
18181, 24245, 27512, 27573, 27576, 32476, 35353, 36359, 36362, 48471, 54362, 54365, 72724, 
72727, 72771, 126723, 151436, 151437, 151438, 181542, 181543, 275127, 275762, 363594, 363629, 


484718, 543654, 1514384. 
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Smarandache Idempotents in finite ring Z,, 
and in Group Ring Z,,G 
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Abstract In this paper we analyze and study the Smarandache idempotents (S-idempotents) in the 
ring Z, and in the group ring Z,G of a finite group G over the finite ring Z,. We have shown the 
existance of Smarandache idempotents (S-idempotents) in the ring Z, when n = 2” p (or 3p), where 


p is a prime > 2 (or pa prime > 3). Also we have shown the existance of Smarandache idempotents 


(S-idempotents) in the group ring Z2G and Z2Sn where n = 2™p (p a prime of the form 2™t¢ + 1). 


81. Introduction 


This paper has 4 sections. In section 1, we just give the basic definition of S-idempotents in 
rings. In section 2, we prove the existence of S-idempotents in the ring Z,, where n = 2™p,m € 
N and p is an odd prime. We also prove the existence of S-idempotents for the ring Z,, where 
n is of the form n = 3p, p is a prime greater than 3. In section 3, we prove the existence of 
S-idempotents in group rings Z2G of cyclic group G over Z_ where order of G is n, n = 2" p (p 
a prime of the form 2’"t + 1). We also prove the existence of S-idempotents for the group ring 
Z2S, where n = 2™p (p a prime of the form 2”¢+ 1). In the final section, we propose some 
interesting number theoretic problems based on our study. 

Here we just recollect the definition of Smarandache idempotents (S-idempotent) and some 
basic results to make this paper a self contained one. 

Definition 1.1[5]. Let R be a ring. An element x € R 0 is said to be a Smarandache 
idempotent (S-idempotent) of R if x? =x and there exista€ R x,0 such that 


a. wa=X or ar=a. 


Example 1.1. Let Z,0 = {0,1,2,...,9} be the ring of integers modulo 10. Here 
6? = 6(mod10), 4? = 6(mod10) 


and 
6-4 = 4(mod10). 
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So 6 is a S-idempotent in Zj0. 
Example 1.2. Take Z)2 = {0,1,2,...,11} the ring of integers modulo 12. Here 


4° =4(mod12), 8? = 4(mod12) 


and 
4-8 = 8(mod12). 


So 4 is a S-idempotent in 712. 
Example 1.3. In Z39 = {0,1,2,...,29} the ring of integers modulo 30, 25 is a S- 
idempotent. As 
257 = 25(mod30), 5? = 25(mod30) 


and 
25-5 = 5(mod30). 


So 25 is a S-idempotent in Z30. 

Theorem 1.1 [5]. Let R be a ring. If x € R is a S-idempotent then it is an idempotent 
in R. 

Proof. From the very definition of S-idempotents. 


§2. S-idempotents in the finite ring Z,, 


In this section, we find conditions for Z,, to have S-idempotents and prove that when n is 
of the form 2p, p a prime {2 or n = 3p (p a prime {3) has S-idempotents. We also explicitly 
find all the S-idempotents. 

Theorem 2.1. Z, = {0,1,2,...,p—1}, the prime field of characteristic p, where p is a 
prime has no non-trivial S-idempotents. 

Proof. Straightforward, as every S-idempotents are idempotents and Z, has no non- 
trivial idempotents. 

Theorem 2.2: The ring Zop, where p is an odd prime has S-idempotents. 

Proof. Here p is an odd prime, so p must be of the form 2m +1 i.e p= 2m-+1. Take 


r=pt+l1 and a=p-l. 


Here 
pe =(2m+1)? = 4m?+4m41 
2m(2m + 1)+2m+4+1 
= 22pm+p 
= p(mod2p). 
So 


p? = p(mod2p). 
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Again 
z?=(p+1)? = p?+1(mod2p) 
= p+1(mod2p). 
Therefore 
L=ex 
Also 
a’ = (p—1)? = p+ 1(mod2p), 
therefore 
a=x 
And 
za = (p+1)(p—1) 
— py _ i 
= p-—1(mod2p) 
therefore 
va=a. 


So x =p+1 isa S-idempotent in Zp. 
Example 2.1. Take Z = Zo.3 = {0,1,2,3,4,5} the ring of integers modulo 6. Then 
x=3+4+1=4 is aS-idempotent. As 


x? = 4* = 4(mod6), 


take a = 2, then a? = 2? = 4(mod6). 


Therefore 
a’ =a, 
and 
va = 4-2 = 2(mod6) 
1.e 


ta= a. 


Theorem 2.3. The ring Z22p, p a prime > 2 and is of the form 4m+1 or 4m+3 has 
(at least) two S-idempotents. 

Proof. Here p is of the form 4m+1 or 4m+3. 

If p= 4m +1, then p? = p(mod2?p). As 


p= (4m+1)? 


= 16m?+8m+1 

= 4m(4m+1)+4m+1 
= 4Apm+p 

= p(mod2p), 
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therefore 


p? = p(mod2?p). 
Now, take « = 3p+ 1 and a=p-—1 then 
a? =(3p+1)? = 9p?+6p+1 
= 9p+ 6p+1(mod2?p) 
= 3p+1(mod2?p) 


therefore 
e=x 
And 
za = (3p+1)(p—1) 
= 3p*-3p+p-1 
= p-—1(mod2?p) 
therefore 


ta = a. 


So x is an S-idempotent. 

Similarly, we can prove that y = p, (here take a = 3p) is another S-idempotent. These are 
the only two S-idempotents in Z2, when p = 4m +1. If p= 4m +4 3, then p? = 3p(mod2?p). 

As above, we can show that « = p+1,(a = 3p—1) and y = 3p,(a = p) are the two 
S-idempotents. So we are getting a nice pattern here for S-idempotents in 225: 

Lif p=4m+1, then « = 3p+1, (a =p-—1)and y=p, (a = 3p) are the two 
S-idempotents. 

IL Vf p=4m+3, «=pt+l1, (a= 3p—1) and y= 3p, (a= p) are the two S-idempotents. 

Example 2.2. Take Z2.5 = {0,1,...,19}, here 5 =4-1+1.So2=3-541=16, (a= 
5 — 1 = 4) is an S-idempotent. As 16? = 16(mod20), 4? = 16(mod20) and 16-4 = 4(mod20). 
Also y = 5,(a = 3-5 = 15) is another S-idempotent. As 5? = 5(mod20), 15? = 5(mod20) and 
5-15 = 15(mod20). 

Example 2.3. In the ring Z2.7 = {0,1,...,27}, here 7 = 4-1+3,2=7+4+1=8,(a=3- 
7 —1 = 20) is an S-idempotent. As 8? = 8(mod28), 20? = 8(mod28) and 8 - 20 = 20(mod28). 
Also y = 3-7 = 21,(a = 7) is another S-idempotent. As 21? = 21(mod28),7? = 21(mod28) 
and 21-7 = 7(mod28). 

Theorem 2.4. The ring Z23), p a prime > 2 has (at least) two S-idempotents of (2°) 


types (where $(n) is the number of integer less than n and relatively prime to n). 


Proof. As pis prime > 2. So p is one of the 8m + 1,8m+3,8m + 5,8m + 7. Now we 
will get the following two S-idempotents for each 4(2?) = 4 types of prime p. 

LIfp=8m-+1, then « = 7p+1,(a=p—1) and y = p, (a = 7p) are S-idempotents. 

IT. If p = 8m +3, then # = 5p+ 1, (a = 3p— 1) and y = 3p, (a = 5p) are S-idempotents. 

TIL If p= 8m +5, then « = 3p4+ 1, (a = 5p— 1) and y = 5p, (a = 3p) are S-idempotents. 

IV. Ifp = 8m +7, then « = p+1,(a = 7p—1) and y = 7p, (a = p) are S-idempotents. 
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Example 2.4. In the ring Z3.3 = {0,1,...,23}, here 3 = 8-043. Soa =5-34 
1 = 16,(a = 3-3—1 = 8) is an S-idempotent. As 16? = 16(mod24),8? = 16(mod24) and 
16-8 = 8(mod24). Also y = 3-3 = 9,(a = 5-3 = 15) is another S-idempotent. As 9? = 
9(mod 24), 15? = 9(mod24) and 9-15 = 15(mod24). 

Example 2.5. Take 23.13 = Zio4 = {0,1,..., 103}, here 13 = 8-145. Sov =3-1341= 
40,(a = 5-13—1 = 64) is an S-idempotent. As 40? = 40(mod104),64? = 40(mod104) and 
40 - 64 = 64(mod104). Also y = 5-13 = 65,(a = 3-13 = 39) is another S-idempotent. As 
65? = 65(mod 104), 39? = 65(mod104) and 65 - 39 = 39(mod104). 

Theorem 2.5. The ring Z1), p a prime > 2 has (at least) two S-idempotents for each 
of o(2*) types of prime p. 

Proof. As above, we can list the S-idempotents for all ¢(2+) = 8 types of prime p. 

Lif p=16m+1, then « = 15p+1,(a = p—1) and y = p, (a = 15p) are S-idempotents. 

IT. If p = 16m+3, then « = 13p+1, (a = 3p—1) and y = 3p, (a = 13p) are S-idempotents. 

TIL If p = 16m+5, then x = 11p+1, (a = 5p—1) and y = 5p, (a = 11p) are S-idempotents. 

IV. If p = 16m+ 7, then # = 9p + 1,(a = 7p—1) and y = 7p, (a = 9p) are S-idempotents. 

V. If p= 16m+49, then « = 7p +1, (a = 9p — 1) and y = 9p, (a = 7p) are S-idempotents. 

VI. If p = 16m+11, then x = 5p+1, (a = 1lp—1) and y = 11p, (a = 5p) are S-idempotents. 

VIL. If p = 16m +13, then « = 3p +1,(a@ = 13p —1) and y = 13p, (a = 13p) are 
S-idempotents. 

VIII. If p = 16m+15, then x = p+1,(a = 15p—1) and y = 15p, (a = p) are S-idempotents. 

Example 2.6. In the ring Z 1.47 = Zo72 = {0,1,...,271}, here 17 = 16-1+1. So 
z= 15-17+1 = 256, (a = 17 — 1 = 16) is an S-idempotent. As 256? = 256(mod272), 16” = 
256(mod272) and 256-16 = 16(mod272). Also y = 17,(@ = 15-17 = 255) is another S- 
idempotent. As 17? = 17(mod272), 255” = 17(mod272) and 17 - 255 = 255(mod272). 

We can generalize the above result as followings: 

Theorem 2.6. The ring Zon), p a prime > 2 has (at least) two S-idempotents for each 
of 6(2") types of prime p. 

Proof. Here p is one of the ¢(2”) form: 


2"m4 + 1, 2" me + 3, eer 2” mga) + (2” — 1). 


We can find the two S-idempotents for each p as above. We are showing here for the prime 
p= 2m, +1 only. If 


p= 2m +1, 
then 
x=(2"-1)p+1, (a=p-1) 


and 


are S-idempotents. 

Similarly we can find S-idempotents for each of the 4(2”) form of prime p. 

Theorem 2.7. The ring Z3p, p a prime > 3 has (at least) two S-idempotents of $(3) 
types. 
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Proof. Here p can be one of the form 3m+1 or 3m+2. We can apply the Theorem 2.6 
for Z3p also. 

Lif p=3m-+1, then # = 2p+1,(a = p—1) and y = p, (a = 2p) are S-idempotents. 

IT. If p = 3m + 2, then « = p+ 1, (a = 2p — 1) and y = 2p, (a = p) are S-idempotents. 

Example 2.7. Inthe ring 273.5 = Z15 = {0,1,...,14}, here 5 = 3-1+2.Som=541= 
6,(a = 2-5 —1 = 9) is an S-idempotent. As 6? = 6(mod15),9? = 6(mod15) and 6-9 = 
9(mod15). Also y = 2.5 = 10,(a = 5) is another S-idempotent. As 10? = 10(mod15),5? = 
10(mod15) and 10-5 = 5(mod15). 

Remark: The above result is not true for the ring Z32,, p prime > 3. As, for p = 


9m +5;a2 = 4p+1,(a = 5p —1) should be an S-idempotent from the above result. But we see 
it is not the case in general; for take the ring 732.93 = Zo07 = {0,1,..., 206}. Here p = 9-245. 
Now take 

~=4-234+1=93 and a=5-23-1=114. 


But 
a” # x(mod207). 


So x is not even an idempotent. So x = 4p + 1 is not an S-idempotent of Z32,. 


§3. S-idempotents in the group rings 7G 


Here we prove the existance of Smarandache idempotents for the group rings 732, of the 
cyclic group G of order 2”p where p is a prime of the form 2”¢ + 1. 

Example 3.2. Let G = {g/g°? = 1} be the cyclic group of order 2? - 13. Consider the 
group ring ZG of the group G over Z2. Take 


c=ltgit+g@tg?t+...¢g4%+g* 


and 
a=1+g?tgt+...4+97 + 9% 
then 
zse=az, and a@=z 
also 
Lsa=ux. 


Sor=1+gt+g98 +g%+4+...+9%+4+ 9% is a S-idempotent in 22G. 
Theorem 3.1. Let Z2G be the group ring of the finite cyclic group G of order 2?p, where 
p is a prime of the form 22m +1, then the group ring ZG has non-trivial $-idempotents. 
Proof. Here G is a cyclic group of order 27p, where p of the form 27m +1. 
Take 
r=ltgit+g>+...4+9' 


and 
a=1l+gt+g't+...+ 9°" 
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then 
a? = (l+gt+g84 + gi6m)2 
= lt+gt+g?4 | giém 
= @. 
And 
a = (lt+g@tgi+...+ 9")? 
= 14+ G7) +o") +..-+ (9%)? 
= %Z. 
Also 
ga = (lt gto? +... +9 °™(ltg tg t...+9°”) 
— tag +g 4 tg 
= @. 
Sor=1+gt+q?+...+ 16” is a S-idempotent in ZG. 


Example 3.3. Let G = {g/g'8° = 1} be the cyclic group of order 2? - 17. Consider the 
group ring Z2G of the group G over Z3. 


Take 
a=1tgi +g +... 4918 
and 
a=l1+g'+¢ i 
then 
x _ (l+g? +9 +...+ 9%) 
= 1ltg®+g+...4 918 
=> ax. 
And 
a = (tg tg? +...+ 9%) 
= 1+ (94)? + (9°)? +...+ (9%) 
=> x. 
Also 
ie = (lg te sche lor ee tite) 


= 1l+gt+g%+...+9' 


= @. 


Soxr=1+ g8 +g +...+ 91 is a S-idempotent in ZG. 
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Theorem 3.2. Let ZG be the group ring of a finite cyclic group G of order 2°, where 
p is a prime of the form 23m +1, then the group ring Z2G has non-trivial S-idempotents. 
Proof. Here G is a cyclic group of order 2°p, where p of the form 2°m +1. 


Take 
c=1+g8 +g +...4+ GP) 
and 
a=1+gtt+gi+...¢ 94°) 
then 
a = (Lt go +g 4... 4 g80-D) 
= 14g? +g +...+ 98%) 
= a. 
And 
az = (+9¢+9'+.. 4. ge-)))\4 
= 1G yey turige) 
= Zz. 
Also 
te = UP tg tint ee dt ge ag tty?) 
=. tage agit p g8@-0) 
= @. 
Sor=1+g8 +g! +...+ 98 is a S-idempotent in ZG. 


We can generalize the above two results as followings: 

Theorem 3.3. Let ZG be the group ring of a finite cyclic group G of order 2p, where 
p is a prime of the form 2°t+1, then the group ring Z2G has non-trivial S-idempotents. 

Proof. Here G is a cyclic group of order 2”p, where p of the form 2”t+ 1. 


Take 
r=14 oe | a t...4 ye) 
and 
a=1+ ge +... page) 
then 
c= (14g? 49724... 4 9? @-Dy? 
= Pg 4g? ge 8 
= a 
And 
“= (1+ 92" t Seg of ae 1)y2 
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Also 
tea = (14 gr ge aoa oe Gag ag ag 
= 14g 4g 24... 4 G70) 
= a: 
So#=1+ 9? +9?°?+...4+ 9?" -) is a S-idempotent in ZG. 


Corollary 3.1. Let 22S, be the group ring of a symmetric group S, where n = 2"p, and 
p is a prime of the form 2°t +1, then the group ring ZS, has non-trivial S-idempotents. 

Proof. Here Z2S;, is a group ring where n = 2”p, and p of the form 2”t+1. Clearly 225), 
contains a finite cyclic group of order 2”p. Then by the Theorem 3.3, 725, has a non-trivial 
S-idempotent. 


§4. Conclusions 


Here we have mainly proved the existance of S-idempotents in certain types of group rings. 
But it is interesting to enumerate the number of S-idempotents for the group rings Z2G and 
Z2Sy, in the Theorem 3.3 and Corollary 3.1. We feel that Z2G can have only one S-idempotent 
but we are not in a position to give a proof for it. Also, the problem of finding S-idempotents 
in Z,S,, (and Z,G) where (p,n) = 1 (and (p,|G|) = 1) or (p,n) =d #1 (and (p,|G|) = dF 1) 
are still interesting number theoretic problems. 
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Smarandache Idempotents in Loop Rings 
Z,L,(m) of the Loops L,,(m) 


W.B.Vasantha and Moon K. Chetry 
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Abstract In this paper we establish the existence of S-idempotents in case of loop rings Z:Ln(m) 
for a special class of loops Ln(m); over the ring of modulo integers Z; for a specific value of t. These 
loops satisfy the conditions GF for every gi: € In(m). We prove ZLn(m) has an S-idempotent when t 
is a perfect number or when t is of the form 2‘p or 3’p (where p is an odd prime) or in general when 
t = pi pe(pi and pe are distinct odd primes), It is important to note that we are able to prove only the 


existence of a single S-idempotent; however we leave it as an open problem whether such loop rings 


have more than one S-idempotent. 


§1. Basic Results 


This paper has three sections. In section one, we give the basic notions about the loops 
L,,(m) and recall the definition of S-idempotents in rings. In section two, we establish the 
existence of S-idempotents in the loop ring Z;,L,(m). In the final section, we suggest some 
interesting problems based on our study. 

Here we just give the basic notions about the loops L,,(m) and the definition of S- 
idempotents in rings. 

Definition 1.1 [4]. Let R bearing. An element x € R\ {0} is said to be a Smarandache 
idempotents (S-idempotent) of R if x? = x and there exist a € R \ {x,0} such that 


re a= 


a. wa=x or axr=a. 


For more about S-idempotent please refer [4]. 

Definition 1.2 [2]. A positive integer n is said to be a perfect number if n is equal to the 
sum of all its positive divisors, excluding n itself. e.g. 6 is a perfect number. As 6 =1+4+2+43. 

Definition 1.3 [1]. A non-empty set L is said to form a loop, if in L is defined a binary 
operation, called product and denoted by ’.’ such that 

1. For a,b € L we have a.b € L. (closure property.) 

2. There exists an element e € L such that a.e = e.a = a for alla © L. (e is called the 
identity element of L.) 

3. For every ordered pair (a,b) € L x L there exists a unique pair (x,y) € L x L such that 


ax = b and ya = b. 
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Definition 1.4 [3]. Let L,(m) = {e,1,2,3,--- ,n} bea set where n > 3, n is odd and m 
is a positive integer such that (m,n) = 1 and (m—1,n) =1 with m <n. Define on L,(m), a 
binary operation ’.’ as following: 


i. ei =t.e =i forall i€ L,(m) \ fe} 
“i. @.=e forall i€ Ly(m) 
iit. 479 =t, where t = (mj —(m-—1)i)(modn) for all 1,7 € Ln(m), 
i#e and je. 
Then L,,(m) is a loop. This loop is always of even order; further for varying m, we get a 
class of loops of order n + 1 which we denote by 


Ly = {Ln(m)|n > 3,n is odd and (m,n) = 1,(m—1,n) = 1 with m < n}. 


Example 1.1 [3]. Consider L5(2) = {e,1,2,3,4,5}. The composition table for L5(2) is 
given below: 


c 2 3 4 5 
ele 1 2 3 4 5 
1/1 e 3 5 2 4 
2/2 5 e 4 1 8 
3/3 4 1 e 5 2 
4/4 3 5 2 e 1 
5/5 2 4 1 3 e 


This loop is non-commutative and non-associative and of order 6. 


§2. Existence of S-idempotents in the Loop Rings Z;L,(m) 


In this section we will prove the existence of an S-idempotent in the loop ring Z;L,,(m) 
when ¢ is an even perfect number. Also we will prove that the loop ring Z,L,,(m) has an 
S-idempotent when t is of the form 2'p or 3’p (where p is an odd prime) or in general when 
t = p\pe (p, and p, are distinct odd primes). 

Theorem 2.1. Let Z,L,,(m) be a loop ring, where ¢ is an even perfect number of the form 
t = 2°(28+1 — 1) for some s > 1, then a = 2° + 2°g; € ZLIn(m) is an S-idempotent. 


Proof. As ¢t is an even perfect number, t must be of the form 
t= 2°? = 1}, for some s > 1 


where 2°+! — 1 is a prime. 
Consider 
a= 2° + 2°9; € Z,Ly(m). 
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Clearly 


Now 


Also 


So we get 


= (2° + 2°g:)? 
= 2.279(1 + g;) 
= 8(14g;)  [2°.2°+! = 2°(mod 2)] 


fp? = ((£—2°)+ (¢-2°)g)? 
= 2.(¢—2°)7(1+9;) 
= 2°(1+4;) 


a3 


= [2° + 2°gi][(t — 2°) + (t — 2°) gi] 
= 2°(14+ gi)(¢— 2°)(1 + 9) 

= —2.2°.2°(1+ g;) 

= (¢-2°)(1+ 9) 


wv=a, =a and af=8. 


Therefore a = 2° + 2°g; is an S-idempotent. 


Example 2.1. Take the loop ring ZL,(m). Here 6 is an even perfect number. 


6 = 2.(2° — 1), so a= 2+ 2g; is an S-idempotent. For 


Choose now 


then 


And 


a? = (2+29,)? 
= 2429; 


af = (2+ 29;)(4+ 49) 
= 8+89,+89,+8 
= 4+4g9, 
= £B. 
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So a= 2+4 2g; is an S-idempotent. 

Theorem 2.2. Let Z2,L,,(m) be a loop ring where p is an odd prime such that p | 2’°°+1—1 
for some to > 1, then a = 2° + 2g; © Zo,Ln(m) is an S-idempotent. 

Proof. Suppose p | 2’°t! — 1 for some to > 1. Take a = 2/0 4 24g; € ZopL,(m) and 
B = (2p — 2) + (2p — 2°) 9; € ZopLn(m). 


Clearly 
a? = (2% + ag.) 
= 2.270(1 + g:) 
— got 20 (1 + g;) 
= 2%(1+4,) 
= a. 
As 
gto gtot! = 90(mod 2p) 
Since 
gtotl = 1(mod p) 
> 2% gtotl = 9% (mod 2p) for ged(2*,2p)=2, to >1. 
Also 
B= [(2p— 2") + (2p — 2") gi]? 
= 2(2p— 2°°)7(1 + 9;) 
= 2.27(1+49;) 
— gent 2° + Gi) 
= 2°(1+9;) 
= a. 
And 
af = [2° + 2%gi][(2p — 2°) + (2p — 2°) gi] 
= —2°(1+ 9)2°C.+ gi) 
— —2.2°(1 + gi) 
(2p — 2'°)(1 + gi) 
=> B. 
So we get 


vw=a, B=a and af=8. 


Hence a = 2'° + 2g; is an S-idempotent. 
Example 2.2. Consider the loop ring Zj9L£n,(m). Here 5 | 2?++ — 1, so tp = 3. 
Take 
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a=2°+239, and G=2+42g;. 
Now 


a’ = (8+89;)” 
— 6441289; + 64 
= 8+ 89; 


And 


RD 
ie) 
ol 
xO 
T 
pe 
ar) 
te 
ww 


Also 


a8 = (8+ 8g:)(2 + 29) 

= 16+ 169; + 169; + 16 
2+ 2g; 
= £B. 


So a= 8+ 8g; is an S-idempotent. 

Theorem 2.3. Let Z2:,)Ln(m) be a loop ring where p is an odd prime such that p | 2’°t'—1 
for some tp > 2, then a = 2% + 2g; € ZxipLn(m) is an S-idempotent. 

Proof. Note that p | 2+! — 1 for some to > i. 

Therefore 


2’! = 1(mod p) for some ty >i 


& 2'0 gtotl = 90(mod 2'p) as gced(2*,2'p) = 2°, ty > 1. 


Now take 


a = 2 + 29; € ZoipLn(m) and B = (2*p— 2") + (2'p — 2) gi € ZyipLn(m). 
Then it is easy to see that 
2 2 _ 
af=a, Be =a and af=P. 


Hence a = 2° + 2° g; is an S-idempotent. 
Example 2.3. Take the loop ring Z93.7L,(m). Here 7 | 2°++ — 1, so to = 5. 
Take 
a=2°+2°9, and 6 = (23.7 — 2°) + (23.7 — 2°)g;. 
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a? = (324 32g;)? 
= 1024+ 20489; + 1024 
= 324329; 


And 


B= (244 249i)” 
= 5764 11529; + 576 
= 24+ 24g; 


= a. 
Also 


= 24+ 249; 
= p. 


So a = 82 + 32g; is an S-idempotent. 

Theorem 2.4. Let Z3:,Ln(m) be a loop ring where p is an odd prime such that p | 2.3°—1 
for some to > i, then a = 3% 4 3g; € Z3i,Ln(m) is an S-idempotent. 

Proof. Suppose p | 2.3 — 1 for some tg > i. 

Take 


a = 3° +39; € ZyipLn(m) and = (3'p— 3") + (3'p — 3°)g; € ZyipLn(m). 


Then 
a® = (3% + 3%g,)? 
2.3740(1 + gi) 
= 2.3°03'0(1 + gi) 
= (Lag) 
= a. 
As 
2.3° =1(mod p) for some to >i 
& 2.3° 3° = 3 (mod 3'p) as gcd(3"°,3'p) = 3', to > 1. 
Similarly 


B@=a and aB=B. 


So a = 3% + 3g; is an S-idempotent. 
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Example 2.4. Take the loop ring 732.5;L,(m). Here 5 | 2.3° — 1, so to = 5. 
Take 
a=3°+3%9, and 6 = (37.5 — 3°) + (37.5 — 3°)g,. 


a? = (184 189;)? 
18 + 189; 


= a. 
And 


B2 = (27+279;)" 
18 + 189; 


Il 


= a. 


Also 
aBb= p. 


So a = 3° + 3°g,; is an S-idempotent. 
We can generalize Theorem 2.3 and Theorem 2.4 as following: 
Theorem 2.5. Let Zi pp Ln(™m) be a loop ring where p, and p2 are distinct odd primes 


and pe | 2.p5° — 1 for some to > i, then a = pi? + pig; € Zpip, Ln (m) is an S-idempotent. 
Proof. Suppose py | 2.p{° — 1 for some tg > i. 


Take 


a= pe + pg: € Zpip,Ln(m) and B= (pypa — py?) + (pipe — Pt? )9i © Zpip, Ln(m). 


Then 
a = (py? +pi?gi)? 
2.pi"°(1 + gi) 
= 2Qpipi?(1+ g) 
= pP(lt+gi) 


a. 


As 
2.p\° = 1(mod pz) for some tg >i 


<> 2.p°.p'? = pi?(mod pips) as ged(pi°,pip2) = pj, to >i. 


Similarly 
B@=a and aB=B8. 


Soa = pe + pe g; is an S-idempotent. 
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§3. Conclusion 


We see in all the 5 cases described in the Theorem 2.1 to 2.5 we are able to establish the 
existence of one non-trivial S-idempotent. however we are not able to prove the uniqueness of 
this S-idempotent. Hence we suggest the following problems: 

e Does the loop rings described in the Theorems 2.1 to 2.5 can have more than one S- 
idempotent? 

e Does the loop rings Z;L,,(m) have S-idempotent when ¢ is of the form t = pipo...ps 
where p)p2...ps are distinct odd primes? 
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